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Abstract 

In this paper we prove that ground states of the NLS which satisfy the 
sufficient conditions for orbital stabihty of M.Weinstein, are also asymp- 
totically stable, for seemingly generic equations. Here we assume that the 
NLS has a smooth short range nonlinearity. We assume also the presence 
of a very short range and smooth linear potential, to avoid translation 
invariance. The basic idea is to perform a Birkhoff normal form argument 
on the hamiltonian, as in a paper by Bambusi and Cuccagna on the sta- 
bility of the solution for NLKG. But in our case, the natural coordinates 
arising from the linearization are not canonical. So we need also to apply 
the Darboux Theorem. With some care though, in order not to destroy 
some nice features of the initial hamiltonian. 

1 Introduction 

We consider the nonlinear Schrodinger equation (NLS) 

iut -Au + Vu + I3{\u\'^)u, u(0, x) = uoix), {t, a;) e R x (1.1) 

with —A -I- V(x) a selfadjoint Schrodinger operator. Here V{x) 7^ to exclude 
translation invariance. We assume that both V{x) and /3(|up)u are short range 
and smooth. We assume that (1.1) has a smooth family of ground states. We 
then prove that the sufficient conditions for orbital stability by Weinstein [Wl] 
(which, essentially, represent the correct definition of linear stability, see [Cu3]), 
imply for a generic (1.1) that the ground states are not only orbitally stable, 
as proved in [Wl] (under less restrictive hypotheses), but that their orbits are 
also asymptotically stable. That is, a solution u{t) of (1.1) starting sufficiently 
close to ground states, is asymptotically of the form e'^^*^(/)(^^ (a;) -I- e'*^/i+, for 
a;+ a fixed number and for h+ e H^(M?) a small energy function. The prob- 
lem of stability of ground states has a long history. Orbital stability has been 
well understood since the 80's, see in the sequence [CL, Wl, GSSl, GSS2], and 



has been a very active field afterwards. Asymptotic stability is a more recent, 
and less explored, field. In the context of the NLS the first results are in the 
pioneering works [SWl, SW2, BPl, BP2]. Almost all references on asymptotic 
stability of ground states of the NLS tackle the problem by first linearizing at 
ground states, and by attempting to deal with the resulting nonlinear problem 
for the error term. An apparent problem in the linear theory is that the lin- 
earization is a not symmetric operator. However the linearization is covered by 
the scattering theory of non selfadjoint operators developed by T.Kato in the 
60's, see his classical [K], see also [CPV, S]. Dispersive and Strichartz estimates 
for the linearization, analogous to the theory for short range scalar Schrodingcr 
operators elaborated in [JSS, Yl, Y2], to name only few of many papers, can be 
proved using similar ideas, see for example [Cul, S, KS]. It is fair to say that 
anything that can be proved for short range scalar Schrodinger operators, can 
also be proved for the linearizations. The only notable exception is the problem 
of "positive signature" embedded eigenvalues, see [Cu3], which we conjecture 
not to exist (in analogy to the absence of embedded eigenvalues for short range 
Schrodinger operators), and which in any case are unstable, see [CPV]. Hence 
it is reasonable to focus on NLS's where these positive signature embedded 
eigenvalues do not exist (in the case of ground states, all positive eigenvalues 
are of positive signature). While linear theory is not a problem in understanding 
asymptotic stability, the real trouble lies in the difficult NLS like equation one 
obtains for the error term. Specifically, the linearization has discrete spectrum 
which, at the level of linear theory, tends not to decay and potentially could 
yield quasiperiodic solutions. A good analogy with more standard problems, is 
that the continuous spcctriim of the linearization corresponds to stable spec- 
trum while the discrete spectrum corresponds to central directions. Stability 
cannot be established by linear theory alone. The first intuition on how non- 
linear interactions are responsible for loss of energy of the discrete modes, is in 
a paper by Sigal [Si]. His ideas, inspired by the classical Fermi golden rule in 
linear theory, are later elaborated in [SW3] , to study asymptotic stability of vac- 
uum for the nonlinear Klein Gordon equations with a potential with non empty 
discrete spectrum. This problem, easier than the one treated in the present 
paper, to a large extent is solved in [BC]. In reality, the main ideas in [SW3] 
had already be sketched, for the problem of stability of ground states of NLS, 
in a deep paper by Buslaev and Perelman [BP2], see also the expanded version 
[BS] . In the case when the linearization has just one positive eigenvalue close to 
the continue spectrum, [SW3, BP2], or [Si] in a different context, identify the 
mechanisms for loss of energy of the discrete modes in the nonlinear coupling of 
continuous and discrete spectral components. Specifically, in the discrete mode 
equation there is a key coefficient of the form (-DF, F) for D a positive opera- 
tor and F a function. Assuming the generic condition {DF, F) ^ 0, this gives 
rise to dissipative effects leading to leaking of energy from the discrete mode 
to the continuous modes, where energy disperses because of linear dispersion, 
and to the ground state. After [BP2] there is strong evidence that, generically, 
linearly stable ground states, in the sense of [Wl], should be asymptotically 
stable. Still, it is a seemingly technically difficult problem to solve rigorously. 
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After [BP2, SW3], a number of papers analyze the same ideas in various sit- 
uations, [TYl, TY2, TY3, T, SW4, Cu2]. In the meantime, a useful series of 
papers [GNT, Ml, M2] shows how to use endpoint Strichartz and smoothing 
estimates to prove in energy space the result of [SW2, PiW], generalizing the 
result and simplifying the argument. The next important breakthrough is due 
to Zhou and Sigal [GS] . They tackle for the first time the case of one positive 
eigenvalue arbitrarily close to 0, developing hirthcr the normal forms analysis 
of [BP2] and obtaining the rate of leaking conjectured in [SW3] p. 69. The argu- 
ment is improved in [CM] . The crucial coefficient is now of the form {DF, G) , 
with F and G not obviously related. In [CM] it is noticed that {DF, G) < is 
incompatible with orbital stability (an argument along these lines is suggested 
in [SW3] p. 69). So, for orbitally stable ground states, the generic condition 
{DF, G) implies positivity, and hence leaking of energy out of the discrete 
modes. This yields a result similar to [Si, BP 2, SW3] and in particular is a 
partially positive answer to a conjecture on p. 69 in [SW3]. The case with more 
than one positive eigenvalue is harder. In this case, due to possible cancela- 
tions, [CM] is not able to draw conclusions on the sign of the coefficients under 
the assumption of orbital stability. But, apart from the issue of positivity of 
the coefficients, [CM] shows that the rest of the proof does not depend on the 
number of positive eigenvalues. Moreover, [T, GWl, Cu3] show that if there 
are many positive eigenvalues, all close to the continuous spectrum, then the 
important coefficients are again of the form {DF,F). The reason for this lies 
in the hamiltonian nature of the NLS. The above papers contain normal forms 
arguments. The hamiltonian structure is somewhat lost in the above papers. 
When the eigcnvahies are close to the continuous spectrum, the normal form 
argument consists of just one step. This single step does not change the crucial 
coefficients. Then, the hamiltonian nature of the initial system, yields infor- 
mation on these coefficients (this is emphasized in [Cu3]). In the case treated 
in [GS, CM] though, there are many steps in the normal form. The important 
coefficients are changed in ways which look very complicated, see [Gz] which 
deals with the next two easiest cases after the easiest. The correct way to look 
at this problem is introduced in [BC], which deals with the problem introduced 
in [SW3] . Basically, the positivity can be seen by doing the normal form directly 
on the hamiltonian. We give a preliminary and heuristic justification on why 
the hamiltonian structure is crucial at the end of section 3. [BC] consists in a 
mixture of a Birkhoff normal forms argument, with the arguments in [CM]. For 
asymptotic stability of ground states of NLS though, [BC] is still not enough. 
Indeed in [BC] something peculiar happens: the natural coordinates arising by 
the spectral decomposition of the linearization at the vacuum solution, are also 
canonical coordinates for the symplectic structure. This is no longer true if 
instead of vacuum we consider ground states. So we need an extra step, which 
consists in the search of canonical coordinates, through the Darboux theorem. 
This step requires care, because we must make sure that our problem remains 
similar to a scmilinear NLS also in the new system of coordinates. 

In a forthcoming paper, Zhou and Weinstein [GW2] track precisely in the 
setting of [GWl] how much of the energy of the discrete modes goes to the 



3 



ground state and how much is dispersed. For another rcsuh on asymptotic sta- 
bihty, that is asymptotic stabihty of the blow up profile, we refer to [MR]. In 
some respects the situation in [MR] is harder than here, since there the addi- 
tional discrete modes arc concentrated in the kernel of the linearization. There 
is important work on asymptotic stability for KdV equations due to Martel and 
Merle, see [MMl] and further references therein, which solve a problem initiated 
by Pego and Weinstcin [PW], the latter closer in spirit to our approach to NLS. 
It is an interesting question to see if elaboration of ideas in [MMl, MMT] can be 
used for alternative solutions of the problem which we consider here. Our result 
does not cover important cases, like the pure power NLS, with = — juj^"-'^ 

and y = 0, where our result is probably false. Indeed it is well known that in 
3D ground states are stable for p < 7/3 and unstable for p > 7/3. In the 
p < 7/3 case there arc ground states of arbitrarily small norm. They are 
counterexamples to the asymptotic stability in of the solution. Then for 
p > 5/3 the solution is asymptotically stabile in a smaller space usually de- 
noted by S, which involves also the |la;7i|li2 norm, see in [St] the comments 
after Theorem 6 p. 55. In E there are no small ground states for p G (5/3, 7/3). 
Presumably one should be able to prove asymptotic stability of ground states 
in S. To our knowledge even the following (presumably easier) problem is not 
solved yet: the asymptotic stability of in S when F^O, ap{—A + V) = and 
/3(|up) = — ImI^""-^ with p e (5/3,7/3). In the literature on asymptotic stability 
of ground states like [BP2, BS, GS, CM], the case of moving solitons is left aside, 
because in that set up it appears substantially more complex. We do not treat 
moving solitons here either, but it is possible that our approach might help also 
with moving solitons. In the step when we perform the Darboux Theorem, the 
velocity should freeze and we should reduce to the same situation considered 
from section 8 on. The extra difficulty with moving solitons is that there are 
more obstructions to the fact that after Darboux we have a semilinear NLS. 
But it would be surprising if this difficulty had a really deep nature. In any 
case, the main conceptual problem stemming from [Si, BP2, SW3], which we 
solve here, is the issue of the positive semidefinitencss of the critical coefficients. 
There is a growing literature on interaction between solitons, see for example 
[MM2, HW, M3], and we expect our result to be relevant. 

Wc do not reference all the literature on asymptotic stability of ground 
states, see [CT] for more. We like to conclude observing that Sigal [Si], Buslaev 
and Perelman [BP2] and Soffer and Weinstein [SW3] had identified with great 
precision the right mechanism of leaking of energy away from the discrete modes. 

2 Statement of the main result 

We will assume the following hypotheses. 
(HI) /3(0) =0, /3 e C°°(R,M). 
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(H2) There exists ape (1,5) such that for every fc > there is a fixed Ck with 



<Cfckr'=-i if|i;|>l. 



(H3) V{x) is smooth and for any multi index a there are > and > 
such that \d^V{x)\ < CaC"'''"!^!. 

(H4) There exists an open interval O such that 

Au - Vu - oju + I3{\u\'^)u = fora;eK^, (2.1) 

admits a C^-family of ground states (l>uj{x) for oj G O. 

(H5) 

^ll</^a;||i2(K3) 



^ ll'/'a;|li2fR3) >0 forweO. (2.2) 



(H6) Let L+ = — A + F + w — /3(0^) — 2/3'((/>^)(/)^ be the operator whose domain 
is if^(IR^). Then L+ has exactly one negative eigenvalue and does not 
have kernel. 

(H7) Let be the linearized operator around e**"0^ (sec Section 3 for the 
precise definition). There is a fixed w > such that "Ho, has m positive 
eigenvalues Ai(w) < A2(a;) < ... < Am(a;). We assume there are fixed 
integers mo = < mi < ... < m;„ — m such that — Xi{uj) exactly 

for i and j both in {mi,mi+i] for some I < Iq. In this case dimker('Ha; — 
= mi+i — mi. We assume there exist Nj e N such that < 
NjXj{uj) <uj < {Nj + l)Xj{uj) with Nj > 1. We set N = Ni. 

(H8) There is no multi index jj, € Z'^ with := + ... + < 27Vi + 3 
such that fj, - X = oj. 

(H9) If Xj^ < ... < Xj^ are k distinct A's, and /x e Z'' satisfies < 2Ni + 3, 
then we have 

MiAji H 1- /UfeAjj, = /i = . 

(HIO) Hu has no other eigenvalues except for and the ±Xj{oj). The points ±oj 
are not resonances. 

(Hll) The Fermi golden rule Hypothesis (Hll) in subsection 10.1, see (10.24), 
holds. 

Remark 2.1. The novelty of this paper with respect to [CM] is that we prove that 
some crucial coefficients are of a specific form, sec (10.24). As a consequence, 
see Lemma 10.5, these coefficients are positive semidcfinite. In the analogue of 
(10.24) in [CM], see Hypothesis 5.2 p. 72 [CM], except for the special case n = 1 
of just one eigenvalue (or of possibly many eigenvalues but all with Nj = 1), 
there is no clue on the sign of the term on the rhs of the key inequality, and the 
fact that it is positive is an hypothesis. 



5 



Theorem 2.2. Let uji £ O and (p^-^ix) be a ground state of (1.1). Let u{t,x) 
be a solution to (1.1). Assume (Hl)-(HIO). Then, there exist an eo > and 
a C > such that if e := inf^g[o,2-7r] ll^^o — e^^<Pui\\H^ < eo, there exist co± G O, 
e e C^(K;K) and h± e with i|/i±||ffi + |w± - < Ce such that 

lim \\u{t, •) - e'^(*Va.± - e^*^h±\\m = 0. (2.3) 

>±oo 

It is possible to write u{t,x) = e^^'^^''4'bj(t) + ■A.{t,x) + u{t,x) with \A{t,x)\ < 
CN{t){x)~^ for any N, with lim|t|_^oo CjvCi) = 0, with limt_>.±oo w(t) = u)±, 
and such that for any pair (r, p) which is admissible, by which we mean that 

2/r + 3/p = 3/2, 6>p>2, r > 2, (2.4) 

we have 

\\^\\L<^{R,wi''') - (2-5) 

We end the introduction with some notation. Given two functions /, 5 : 
C wc set (/, .9) = f{x)g{x)dx. Given a matrix A, we denote by A* , or 
by *A, its transpose. Given two vectors A and B, we denote by A*B = AjBj 
their inner product. Sometimes we omit the summation symbol, and we use the 
convention on sum over repeated indexes. Given two functions /, g : K."^ — > 
we set (/, g) = J^^ f*{x)g{x)dx. For any k,s €R and any Banach space K with 
field C 

H''^'{W',K) = {f -.W" ^ K s.t.\\f\\Hs.. := || (-A + l)VlklU^ < 00}, 

(-A + l)>'f{x) = (27r)-i / e--f ($2 ^ /(^) = (27r)-i / e-'^'^ f{x)dx. 

In particular we set i^'* = = L'^'°, H'^ = H"^'^. Sometimes, to empha- 

size that these spaces refer to spatial variables, we will denote them by W^'P, 
LP, H^, -ff^'* i^'*. For / an interval and any of these spaces, wc will 
consider Banach spaces Lf(/, Fa;) with mixed norm := II lUj' (/)• 

Given an operator A, we will denote by Ra{z) = {A — z)~^ its resolvent. We 
set No = N U {0}. We will consider multi indexes e Ng. For ^ & with 
/z — {ill, ...,fj,n) we set 1^1 = Y^j=i For X and Y two Banach space, we 
will denote by B{X,Y) the Banach space of bounded linear operators from X 
to Y and by B'^{X,Y) = 5(11^=1 X,Y). We denote by a®^ the element (^^^^a 
of (^j^iX for some a & X. Given a differential form a, we denote by da its 
exterior differential. 

Acknowledgments I wish to thank Dario Bambusi for pointing out a gap 
in the proof of an earlier version of Theorem 9.1. 

3 Linearization and set up 

Let U = *{u,u). We introduce now energy E{u) and mass Q{u). We set 
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E{U) =Ek{U)+Ep{U) 

Ek{U) = / Vu-Vudx+ / Vuudx 



Ep{U)= [ B{uu)dx 
with B{Q) = and duB{\u\'^) = (j{\u\^)u. We will consider the matrices 



on /O i\ /I 



We introduce the mass 



Q{U)= I uudx = hu,aiU). 
Jm.3 2 



Let 

Often we will denote simply by The (1.1) can be written as 



with VE{U) defined by (3.5). We have for e M 

Eie-'^^^U) = E{U) and yE{e-"'^'^U) = e'''^^VE{U). 
Write for w e O 

Then 

if/ = _a3t?e^'^3'?($^ + ^) + id;e^'^3''a„$„ + ie'-^^-'i? 

and 

- a^de'^^^i^^ + i?) + iwe'"^'^c^^$^ + ie'^^^R = a^aie-'^^-'^V E{'^^ + i?) 
Equivalently we get 

- £73(t? - a;)($^ + i?) + iw^c^^cu + ii? = 
= aaai (Vi;($c. + i?) + wVg($c. + R)) ■ 

We have j^cJiCFi {VE{^^ + tR) + wVg($a, + i^))|,=o = '^'^^ 



= a3(-A + 1/ + w) + aa [I3{4>1) + /3'(<^' )<^^] - ia2/3'(<^2 ^<^2 ^ 



The essential spectrum of consists of (—00, — a;] U [lu, +00). It is well known 
(see [W2]) that by (H5) is an isolated eigenvalue of with dimNg{'Hu}) = 2 
and 

H^tT3$c. = 0, n^d^^^ = (3.10) 

Since "H* = (TsHuiCTs, we have Ng{T-L*j) = span{$j^, cr3(?a,$u>}. We consider 
eigenfunctions S,j{i-u) with eigenvalue Aj(w): 

They can be normalized so that (c73^j(w), ^^(w)) = Sji, this is based on Propo- 
sition 2.4 [Cu3]. Furthermore, they can be chosen to be real, that is with real 

entries, so (_j = for all j. 

Both (j)^ and 5j (w, x) are smooth in w G O and a; S M"^ and satisfy 

m 

sup e"l-l(|a«.^^(a;)| +5^|9«^,(u;,a;)| < 00 

for every a € (0, inf(^g;c \/w — Am(w)) and every compact subset K. of O. 
For a; € O, we have the "Hi^-invariant Jordan block decomposition 

L2(]r3, = Ngin^) ® ( ®± ker(H^ T Aj(w))) ® i'l^-). (3-11) 

i2(H„) {Afg(H*)® (®A6<.,\{o}ker(H: - A))}^ with = OdiU^). We 
also set i^(H„) := Ng{%^) ® ( ®Ae.,\{o} ker(H„ - A(w))). By Pe(H^) (resp. 
Pd{T^uj)), or simply by Pc(w) (resp. Pd{u))), we denote the projection on LKHi^) 
(resp. L'^{'Hi^)) associated to the above direct sum. The space Ll{%^) depends 
continuously on w. We specify the ansatz imposing that 

U = e''"="'($<^ + R) with w e O, e K and i? G N^{H*J. (3.12) 

We consider coordinates 

U = e-^^'' ($^ + z • e(^) + z ■ a^i{Lo) + Pc(H„)/) (3.13) 

where u; G O, z G C and / e LKHuq) where we fixed wq G O such that 
(/(wo) = llwolli- (3.13) is a system of coordinates if we use the notation O to 
denote a small neighborhood of ui in Theorem 2.2. Indeed by Lemma 3.1 below, 
then the map PciT-Lu) is an isomorphism from L^{T-L^^) to L^{'Hu)- In particular 

m m 

R&N^{Hl) and f e lI{H^,). (3.15) 
We also set z • ^ = z^^j and z • cti^ = Zjcri^j. In the sequel we set 

m m 

d^R = zjd^^jioj) + ^ z,ai5„^j(w) + d^Pc{H^)f. (3.16) 

We have: 
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Lemma 3.1. We have Pc{n^)* = Pc{ni) for all w G O. For all cj,S G O the 
following operators are bounded from H~^'~^ to for all exponents: 

di.Pc{n^)foranye>0: 

Pc{H^) - Pcin:.) ; Pc(Hc.) - Pc{n^)- 

Consider uji of Theorem 2.2. There exists ei > such that (wi— ei, Wi+£i) C O, 
and for any pair w, w G {uji — ei , wi + ei) we have 

Pc{uj)Pa{uj) : Ll{n^) LliUu,) IS an isom,orphism (3.18) 

Furthermore, the following operator is bounded from H~'''~^ to H'' for all 
exponents: 

Pc{n^) (1 - iPc{n^)Pc{n^))~') Pc{n^) (3.i9) 

where in the last line and {Pc{oj)PciJjo))~^ is the inverse of the operator in (3.18). 
Finally, for eo in Theorem 2.2 sufficiently small, we have \ijJo — wil < e\, with 
ojQ defined under (3.13). 

Proof. The first statement follows from the definition. We have Pd'Htj) = 
1 — PdiHuj) whore PdiHuj) are finite linear combinations of rank 1 operators 
) with G H^^'^ for any {K,S). This implies the statement for 

the second line of (3.17). 3f,Pc('Htj) is well defined by the fact that in (H4) 
the dependence on ui is in fact smooth (this is seen iterating the argument 
in Theorem 18 [ShS]). Assuming (3.18), and for P^ = Pdoj), Pc = Pc{oj), 
Pd = Pd{i^), Pd = Pd^), we have 

Pe (l - (fcPc)-') Po = {Pc - Pc)Pc - {Pc - Pc){PcPc)-^Pc, 

which yields (3.19). We prove (3.18). First of all the map is 1-1. Indeed if 

PcPcf = 0, then we have f = Pdf = {Pd-Pd)f- Then Wfh < C\uj-m\fh for 
some fixed C > 0. This, for 2Cei < 1, is compatible only with / = 0. If we knew 
that the map in (3.18) is onto, then (3.18) would hold by the open mapping 
theorem. So suppose the map is not onto. Let TZ{PcPc) be the range of PcPc. If 
there exists g G Ll{n*J such that g 7^ and (g, Pchf) = for all / G Ll{n^), 
then since g = a^g for a g G ^cO^u), we get = {g, Pc-Pcf) = {PcPcQ, cr^f) for 
all / e Ll{H^). This implies P^Pcg = 0, and since g G Ll{H^), by the 1-1 
argument this implies 5 = 0. So if the map in (3.18) is not onto, then TZ{PcPc) 
is dense in Ll{Hu,). We will see in a moment that TZ{PcPc) is closed in Ll{'H^), 
hence concluding that the map in (3.18) is also onto. To see that TZ{PcPc) is 
closed in L^('Ha,), let /„ G Ll{H^) be a sequence such that \\Pcfn — /II2 
for some / G Ll{U^). By ||/„||2 < ||Pc/„||2 + C|w - 5|||/„||2 for some fixed 
C, it follows that for 2C£i < 1 the sequence ||/,i||2 is bounded. Then by weak 
compactness there is a subsequence /„^. weakly convergent to a / G L^^H^). 
Since PcPc is also weakly continuous, PcPcf = /• 

The final statement is elementary by (2.2). □ 
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Using the system of coordinates (3.13) we rewrite system (3.8) as 

+ i6j{d^^^ +z-d^^ + z- aid^^ + d^Pc{H^)f) + iz-^+ 

+ it • aiC + iPc(^^)/ = (Taai VS($^ + z-^ + z-ai^ + Pc{H^)f) 

+ waaai VQ($a; + z-i + z-<Ti^ + Pc{Hu,)f), 

wherez-^ = andz-ai^ = "Zjcri^j, where ^ = ^(oj). Notice for future 

reference, that fixed any we also have 

- (73(1? - wo)($^ +z-^ + z-ax^ + Pc{nu)f) + 

+ iw(9„$„ + z-d^£, + z- aidU + d^Pc{H^)f) +iz-^+ 

+ ii ■ aiC + iPcin^)f = aaai VS($„ + z-^ + z-aii + Pc{n^)f) 

+ aJo(73(TiS7Q{^^ +z-^ + z-ai^ + Po{'H^)f), 

where (3.21) is the same of (3.20) except for wo replacing lo in the first spot 
where they appear in the first and last line. 

We end this section with a short heuristic description about why the crucial 
property needed to prove asymptotic stability of ground states, is the hamil- 
tonian nature of the (1.1). In terms of (3.13), and oversimplifying, (3.7) splits 
as 

iz- \z = '^a^i,z''z" + '^z''z''' {f{t,x),Gfj,„{x,uj))Li H 

if -u^f = Y. z^'^Ax, w) + • • • . 

Here we are assuming m = 1. We focus on positive times t > Q only. After 
changes of variables, see [CM] , we obtain 



iz-\z = P{\z\^)z + z^'ifit, x), G^.{x, uj))li +■■■ 
if-n^f = z''+'M{x,ij) + ---. 

The next step is to write, for g an error term, 

f = -z''+'R+J{N + l)\)M + g 

iz-Xz = P{\zf)z - Izf'^ z{Rti^{{N + 1) X)M,G)l2 + ... 
Then, ignoring error terms, by 

((iV + 1) A) = + in6{n^ -{N + 1) A) 

the equation for z has solutions such that 

\z\^ = -T\z\^^+^\z{t)\ = 



(3.22) 



dt' ' " ' (|2(0)|2JVArrt+l)w 
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with (the Fourier transforms are associated to V.^) 



r = 2tt{8{H^ -{N+l) X)M, G)= I 



\(.\=s/{N+l)\-ui ^{N+1)X-U! 

If r > 0, we see that z{t) decays. Notice that F < is incompatible with orbital 
stability, which requires z to remain small, see Corollary 4.6 [CM]. The latter 
indirect argument to prove positive semidefiniteness of F, does not seem to work 
when in (3.7) there are further discrete components. So we need another way 
to prove that F > 0. This is provided by the hamiltonian structure. Indeed, if 
(3.22) is of the form 



d^K, if = VjK, (3.23) 



then by Schwartz lemma {N + iy.M = d^+'^VjK = d^Vfd^K = NIG atz = 
and / = 0. So F is positive semidefinite. This very simple idea on system (3.23), 
inspired [BC] and inspires the present paper. 



4 Gradient of the coordinates 

We focus on ansatz (3.12) and on the coordinates (3.13). In particular we 
compute the gradient of the coordinates. Here we recall that given a scalar 
valued function F, the relation between exterior differential and gradient is 
dF = (VF, ). Consider the following two functions 

T{U,LO,'&) := {e-'^'^U-^^,^^} and g{U,iO,^) := {e-'^'^U,a3d^^^). 

Then ansatz (3.12) is obtained by choosing (w,z?) s.t. R := e~^''^^U — 
satisfies R € N^{Hl,) by means of the implicit function theorem. In particular: 

J-^ = -[{ase-'^'^U, = -i{a3R, ^^); 

= -2q'{oj) + {e-"'''^U,d^^^) = -q'{co) + {R,d^^J); 

= -i(e--^''C/,a„$^) = -i((?'(w) + (i?,5^<&^)); 
Gu, = {e-''''''U,a3dl<^^) = {R,a3d^M- 

By T{U,uj{U),d{U) = g{U,uj{U),d{U) = we get W^Vuj + W^V'& = -VuW 
for yV = J^,g . By the above formulas, if we set 



-q'iuj) + {R,d^<^^) -i(a3i?,$J 
{R, aad^M -i(9'(w) + {R, dM) 



(4.1) 



we have 
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So 



Notice that along with the decomposition (3.11) we have 

L2(r3^ = N,{n:)®{ ®Ae..\{0} kcr(K " AH)) ® (4-4) 



ic(^:) := {Ngi^u.) © ( ®Ae.,\{0} ker(H^ - A(c^)))} . We also set LjinZ) ■= 
Ng{n*J ® ( (Bxea,\{o} ^er{nt, - A(w))). Notice that Ng{n*J = (T^Ngili^), 
kcT{nZ-\) = (T3ker(H^-A), Ll{nZ) = cisLUn^) and LUnZ) = cTsLKn^), so 
that (4.4) is obtained applying as to decomposition (3.11). We can decompose 
gradients as 

VF(t/)=e-'-^''[P^^(„.) + 

E(^ker(?i.-A,) + ^'ker(H;+A,)) + Pc(K)] e"^^'' Vi^(C/) = 

<^^(^);;7'""^^-'-3^^ + i^^i%^^e--3V3a.$ (4.5) 
q'iuj) q'{uj) 

+ ^{VF{U), e-3'?^.)e--3 ^3^,- + ^(VF([7), 6-3^1 e,)e-''^^ViC73^,- 

j 3 

+ e-'"'^^Pc{'Hl)e"'^^WF{U). 

Using coordinates (3.13) and notation(3.16), at U we have the following 
formulas for the vectorfields 



A = e-3''5^($ + i?) , ^ = ie-3^^3($ + 



Hence, by S^F = dF{-^) = {\/F, ^) etc., we have 

d^F = (VF, e'"3''a^($ + i?)) , d^aF = i(VF, e'^3''^3($ + 
= (VF,e-3''^.) , d,.F = (VF,e-3Vi^^.). 

Lemma 4.1. We have the following formulas: 



(4.6) 



(4.7) 



Vzj = - {as^, , d^R)Vu - 1(^3^^ , tT3i?) Vt? + 6-^-3^^30 (4.8) 
Vzj = -{aia3^j,d^R)Voj - i{ai(73^j,a3R)Vd + e-'""^^ aias^j . (4.9) 
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Proof. Equalities ^ = dj^, ^ = ^ = ^ = and V/-2j =0 are equivalent 
to 

(V^,-,e''^^''a,($ + R))=Q = {Vzj,e"'^''Pc{u;)Pc{u;o)9)y9 G i^(7^c.o)- 

Notice that the last identity imphes Pc('H* JPc('H* )e''^="'Vzj = which in turn 
implies Pc('H^)e"^="'Vzj = 0. Then , applying (4.5) and using the product row 
column, we get for some pair of numbers (o, b) 

= (a, b) + ^"'""^3^^- = ( w) + 

where in the last line we used (4.2). Equating the two extreme sides and applying 
to the formula ( , £) and ( , by (V^„ ^) = {Vz„ A) = (y^, ^) = 
(Vw, S&) = 0' by (Vt?, ^) = (Vw, I;) = 1 and by (4.6) and (4.10), we get 

A* [A - f {<^3^3^9u,R)\ 



Vzj = -{{as^j,d^R),i{as^j,a3R)) ( I"!) +e-'^^^as^j. 



This implies 

This yields (4.8). Similarly 

Vzj = ae-''"^''$ + 6e-'<^="'(73a„$ + e-'<^=*''ai(73^j, 

where 

A* f°'\ - f ('^^^3C3,du,R)^ 
^ ' bj \i{a,a3i„a3R)J ' 



□ 



Lemma 4.2. Consider the map f{U) = f for U and f as in (3.13). Denote by 
f'{U) the Frechet derivative of this map. Then 



f'{U) = (Pc(w)fc(wo))"^fc(w) [-d^Rduj - ia^Rd-d + e-'"^^ H] . 

Proof. We have 

nU)e'"'%, = /'(C/)e''^^Vi6 = = /'(C/)e'^^V3($ + R) = 
f'{U)e"'-^d^{^ + R)) and f {U)e'^-'' Pc{u:)g = gVg € LlCHu.,). 
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This implies that for a pair of vectors vahied functions A and B and with the 
inverse oi Pc{H^)PciH^„) : Ll{H^„) ^ Ll{H^), 

f = {A,B) [^JfSj^d^^^ )) + (Pc(a;)Pc(a;o))-'Pc(a;)e--3'^ = 

- {A,B)A (j^) + (PeHPe(u;o))-iPcMe--3^. 

By (4.11) we obtain that A and B are identified by the following equations 
(treating the last {Pc{uj)Pc{i^o))~^ Pc{^^) like a scalar): 

A* = iPeHPeMr'Pciu^) . 

□ 



5 Symplectic structure 

Our ambient space is iJ^(IR^,C) x iJ^(R^,C). We focus only on points with 
aiU = U. The natural symplectic structure for our problem is 

^{X,Y) = {X,aiaiY). (5.1) 

We will see that the coordinates we introduced in (3.13), which arise naturally 
from the linearization, are not canonical for (5.1). This is the main difference 
with [BC]. In this section we exploit the work in section 4 to compute the 
Poisson brackets for pairs of coordinates. We end the section with a crucial 
property for Q, Lemma 5.4. 

The hamiltonian vector field Xq of a scalar function G is defined by the 
equation {Xccr^aiY) — — i(VG', F) for any vector Y and is Xq = — icrscriVG. 
AiU = e''"3'?($^ + as in (3.12) we have by (4.5) 

q'[uj) q'{uj) 
+ i^a,^.G(C/)e-^Vi^,- - i^a,^.G(C/)e'-3^^._ (5.2) 

j 3 

- ie'^''^a3aiPc{K)e''''^VG{U). 

We call Poisson bracket of a pair of scalar valued functions F and G the scalar 
valued function 

{F, G} = (VP, Xg) = -i(VP, (73(71 VG) = miXp, Xg). (5.3) 
By = i^Q(t/(i)) = {VQ{U{t)),a3aiVE{Uit))) we have the commutation 

{Q,E} = 0. (5.4) 
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In terms of spectral components we have 

i{F,G}{U) = (VF(f/),<73aiVG(C/)) = {q'y'x 

3 

+ (a3e-'"3''P,(K)e'"'''VF, aie-'^^'^ Pc{Hl)e'^'^VG). 
Lemma 5.1. Let F{U) he a scalar function. We have the following equalities: 

{W,-!?} — (q/)2_^jj ;}^<5p_|_|o-.j/i <j,)^j^ 0-392$) ; (5.6) 

{zj,F} = {a^^,,d^R){F,u:} + {{a^^,,a:,R){F,d} - id-,^F; (5.7) 
= {ala^^j,^,,R){F,uJ} + i(aia3ej,a3i?){F,i?} + id.^F. (5.8) 

in particular we have: 

{zj.uj} = i{a^£,j,azR){uJ,'d}\ = i{ai(J:i£_j,a^R){uj,'d}; 

{zj,d} - (a3ej,a^i?)Rt^}; = {aiaz^j,d^R){d,u}- 

{zk,Zj} = i{{a3£,k, dujR) {as^j , (J3R) - {azij,du,R){a3(,k,(J3R)){uJ,'d}; 

{zk,Zj} = i{{(Tia3^k,du:R){(Tia3^j,a3R) - (o-ia3^j-,5a;i?)(CTia3^fe,cT3i?)){u;,'i?}; 

{zk,Zj} = -i6jk + i{{(^3^k,du;R){aia3^j,a3R) - (c7iC73^j, S„i?)(^fe, i?)){w, a?}. 

Proof. By (4.3) and (5.5) we have i{uj,d} = 

((7')"'[(Vw,e'"^''a3$)(Vi?,e'"3''5<^$) - (Vw, e'"3^5^$)(Vi9, e'^^^ag^)] = 
-{a3R,^u.)q'{R,cT3dl^o,)q' - [{q'ju;))^ - {R,d^^^)^]{qr 
q'i [q'iuj))^ - {R, + {<^sR, ^o.){R, (T3di^^)f 

This yields (5.6). For (5.7), substituting (4.8) in (5.3), we get {zj,F} = 
{Vzj,Xf) = -{a3^j,d^R){w,F} - i{a3^j,a3R){'&, F} + {e-'^''^a3^j,XF). 

When we substitute Xp with the decomposition in (5.2), the last term in the 
above sum becomes {e-'^^^aa^j, Xp) = -id^^ F {e-'"^''^ aaS,^ , e)'^'''^ Q = -ick^F. 
This yields (5.7). (5.8) can be derived by first replacing F with F in (5.7) and 
by taking the complex conjugate of the resulting equation: 

{zj, F} = {a3^j,d^R){F, uj} - i{a3^j,a3R){F, 1?} + id.^F 

Then (5.8) follows by using that R = aiR and aia3 = — ctscti. The remaining 
formulas in the statement follow from (5.7)-(5.8). □ 

Definition 5.2. Given a function G{U) with values in L'^{'Huo), ^ symplectic 
form n and a scalar function F(U), we define 

{g,F}:=g'{U)XF{U) (5.9) 

with Xp the hamiltonian vector field associated to F. We set {F, Q} := —{G, F}. 
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(5.11) 



We have: 

Lemma 5.3. For f{U) the functional in Lemma 4-2, we have: 

{f,F} = (PeMPc(wo))-'PcM [{F,uj}d^R + i{F,^}a3R-ie-'^''^asaiVF] . 

(5.10) 

In particular we have: 

= i{LJ,d}iF,iuj)P,{LOo))-'Pc{co)a3R; 

{f,Zj} = {Pc{uj)Pc{uJn)r^Pc{uj) [{zj,u;}d^R + i{zj,d}<j3R] ; 
{f,zj} = {P,{tj)P,{ujo))-^Pc{uj) [{z,,Lu}d^R + i{z„^}a3R]. 

Proof. Using Lemma 4.2 and by (4.2) 

/ asarVF - -{A, B)A (^^^^^ ^g^^vF) ) 
+ {Pc{u;)PciuJo))-^Pcico)e-'^'''cT3ai\/F. 
By Lemma 4.2 wo have 

{A,B)A {j:^]p\) = {Pc{uj)PM)-'Pc{^){d^RAcTsR) 

The following result is important in the sequel. 

Lemma 5.4. Let Q be the function defined in (3.3) . Then, we have the following 
formulas: 

{Q,co} = 0; (5.12) 

{Q,i9} = l; (5.13) 

{Q,Zj} = {Q,Zj} = 0; (5.14) 

{O,/} = 0. (5.15) 

Denote by Xq the hamiltonian vectorfield of Q. Then 

X,=-l. (5.16) 
Proof We have by (5.5), (4.3) and VQ{U) = aiU, 

, -{R,a3<P)iq'iuj) + {R,dM) - + {R.d^^^)){-l){R,a3^) 

^ {q'{u:)Y - {R, + i'^sR, <^u.){R, (7352$^) 



□ 
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Similarly, 



iq'{Q,'&} = (VQ,e'^^''a3$)(V^?,e'^^''5„$) - (VQ, e''^^''9„$)(Vi?, e''^^''c73$) 

^ i[(5'H)2-(i?,5„$„)2 + (a3i?,$.)(i?,a352$„)] ^ 

By (5.7), (5.12) and (5.13) we have 

i{zj,Q} = -{^j,R)+ch.Q ^^^^^ 
i{zj ,Q} = {^j, aiR) - d^^ Q. 

By 

Q{U) =q+l{z-^ + z-ai^ + Pc{Lo)f, ai{z ■ ^ + z ■ ai^ + Pc(w)/)) (5.18) 
we have 

a.,0 = d^^Q = {C,,R). (5.19) 

So both lines in (5.17) are and yield (5.14). Finally (5.15) follows by (5.9), 
Lemma 5.3, (5.12) , (5.13) and by 

{f,Q} = {Pc{oj)PcMr'Pc{oo) [i{Q,z?}a3i?-ie-'^^V3aiVQ] 
= {Pc{oj)Pc{uJo))-^Pc{oj) [iaaR - iag* - iagi?] = 0. 

(5.16) is an immediate consequence of the definition of Xq and of (5.12)-(5.15). 

□ 



6 Hamiltonian riformulation of the system 

(3.20) is how the problem is framed in the literature. Yet (3.20) hides the 
crucial hamiltonian nature of the problem. In the coordinate system (3.13) can 
be written as follows: 

dj = {uj,E}, f={f,E}, 

Z3={Z3,E}, %={zj,E}, (6.1) 
^ = {'&,E]. 

For the scalar coordinates the equations in (6.1) arc due to the hamiltonian 
nature of (3.5). Exactly for the same reasons we have the equation / = {/, E}, 
which we now derive in the following standard way. Multiplying (3.20) by e^^"^^ 
one can rewrite (3.20) by (4.6) and (3.6), as 

.•ad . . d . v-^ . d . d 

d& duj Y i (6.2) 

+ ie'^-'P,{n^)f = a^a^VEiU). 



17 



When we apply the derivative f'iU) to (6.2) the first fine cancels, so that 
/ = f'iU)e'^^^Pc{nu.)f = -f'{U)ia3C7iVE{U) = f{U)XE{U) = {f,E}. 

where the first equality is (4.11), the third the definition of hamiltonian field 

two lines above (5.2) and the last equality is Definition 5.2. 

We now introduce a new hamiltonian. For uq the initial datum in (1.1), set 

K{U) = E{U) + uj{U)Q{U) - co{U)\\uo\\l,. (6.3) 

By Lemma 5.4 the solution of the initial value problem in (1.1) solves also 

6j = {uj,K}, f = {f,K}, 

Zj = {zj,K}, ij = {zj , K} , (6.4) 

By -^K = the right hand sides in the equations (6.4) do not depend on t?. 
Hence, if we look at the new system 

u = {co,K}, f = {f,K}, 

Zj = {zj,K}, ij = {zj ,K}, (6.5) 

the evolution of the crucial variables {uj,z,'z,f) in (6.1) and (6.5) is the same. 
Therefore, to prove Theorem 2.2 it is sufficient to consider system (6.5). 

7 Application of the Darboux Theorem 

Since the main obstacle at reproducing the Birkhoff normal forms argument 
of [BC] for (6.5) is that the coordinates (3.13) are not canonical, we change 
coordinates. That is, wc apply the Darboux Theorem. We warn the reader not 
to confuse the variable t E [0, 1] of this section with the time of the evolution 
equation of the other sections. 

Wc introduce the 2-form, for q = q{(j) = ||(/)a,||^2 and summing on repeated 
indexes, 

Qo = idi) Adq + dzj A dzj + {f'{U) , asaif'iU) ), (7.1) 

with f{U) the function in Lemma 4.2, f'{U) its Frechct derivative and the 
last term in (7.1) acting on pairs {X,Y) like {f {U)X, as(Tif\U)Y) . It is an 
elementary exercise to show that fig is a closed and non degenerate 2 form. In 
Lemma 7.1 we check that f2o(t^) = ^(U) at U = e''''''^^^^. Then the proof of 
the Darboux Theorem goes as follows. One first considers 

fij = (1 - t)0o + m = no + ti} with f2 := O - Oq- (7.2) 

Then one considers a 1- differential form ^{t, U) such that (external differenti- 
ation will always be on the U variable only) id'y{t, [/) = with j{U) = at 
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U — e^'^^'^^^g. Finally one considers the vector field 3^* such that iytQt = —ij 
(here for f2 a 2 form and Y a vector field, iy^ is the 1 form defined by 
iyfliX) := Sl{Y,X)) and the flow generated by y*, which near the points 
giCTsi?^^^ is deflned up to time 1, and show that ^^fl = SIq by 

dt dt (73^ 



For Cto, the coordinates (3.13) are canonical. But if one does not choose the 
1 form 7 carefully, then the new hamiltonian K = K o will not yield a 
semilinear NLS for coordinates (3.13), which is what we need to perform the 
argument of [BC, CM]. In the sequel of this section all the work is finalized to 
the correct choice if 7. In Lemma 7.2 we compute explicitly a differential form 
a and we make the preliminary choice 7 = — ia. This is not yet the right choice. 
By the computations in Lemma 7.3 and Remark 7.4, we find the obstruction 
to the fact that K is of the desired type. Lemmas 7.5-7.7 are necessary to 
find an appropriate solution F of a differential equation in Lemma 7.8. Then 
7 = —ia + dF is the right choice of 7. In Lemma 7.10 we collect a number 
of useful estimates for g^i. Finally, Lemma 7.11 is valid independently of the 
precise 7 chosen and contains information necessary for (8.1) (8.2). 
For any vector Y gTuL"^ we set 



for 

Ftf = d'&{Y) , Y^ = doj{Y) , Yj- = dzj{Y) 
Yj = dzj{Y), Yf = f'{U)Y 

Similarly, a differential 1-form 7 decomposes as 



(7.5) 



'y = -f^d^ + -/'^duj + J2^'dzj+J2l^<^J + il^J' )' (7-6) 

where: (7-^, /' ) acts on a vector Y as (7-'', f'Y), with here -y^ G Llil-Ll^^); f^, 

7*^, and 7-' are in C. Notice that we are reversing the standard notation 
on super and subscripts for forms and vector fields. In the sequel, given a 
differential 1 form 7 and a point U, we will denote by 7^7 the value of 7 at U. 

Given a function x, denote its hamiltonian vector field with respect to fit 
by : ix^^t = —^dx- By (7.1) we have the following hamiltonian vectorfield 
associated to q{uj) (this is important in Lemma 7.11 later): 

d 

We have the following preliminary observation: 

Lemma 7.1. At U = e''"^'?^^^^ /or any a?, we have Oo(f/) = n{U). 
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Proof. Using the following partition of the identity 

]l=e-3''[P;V,(K.)+ E J'ker(H.-A)+^c(^.)]e-^'^^'' (7.8) 

Ae<TCH^)\{0} 
we get, summing on repeated indexes, 
n{X,Y) = {X,asuiY) = 

+ {Pc{H^)e-"''^X, as<J^Pc{U^)e-"''^Y). 
By (4.2) we have 

( , e-'"'''^azd^^) A ( , e-'"''^^) = det Adoj A M. (7.10) 
Substituting (4.8)-(4.9) we get 

( ,e--3V3e,)A( ,e-''^^Va3e,) = 

{dzj + {aa^j , d^R)dio + \{a3^j , asRjd^) (7.11) 
A {dzj + {aia3^j,duR)du! + {{aiaa^j, asR)d'd). 

By Lemma 4.2 we have 

{Pc{H^)e-'^-^ ,asa^Pc{n^)e-'''^^ ) = 

(Pe(w)Pc(a;o)/' +Pc{(^)d^RdiJ + iPc{Lj)a3Rd^, (7.12) 

(73(71 (Pc(w)fc(wo)/' + Pc{oj)do,RdoJ + iPc{uj)(T3Rd'd)). 

Then by (7.9)-(7.12) we have 

ft = {iq' + a\)d'd AdLJ + dzj A dzj + 

+ dzj A (((7i(73^j, dui + i(CTi cTsCj, CTai?) d-d) 
- dzj A {{(Ts^j.d^.R) duj + i(cr3?j , crgi?) dd) + 

+ {Pc{io)Pc{uJo)f , (73(71 Pc(w)Pc(wo)./' ) + 
+ {Pcico)Pe{uJo)f' , a3(7iPe(w)5„i?) A duj + 
+ i(Pc(w)Pc(wo)/' , (73(71 Pc(w)ct3P) a d-d, 

where 

det J{ 

iq' + ai = + {Pc{w)du;R, (73(71 Pc(w)(73iP) 

+ {(^3^j,du:R){(Ti(rs^j,i(r3R) - {(^i(^3^j,duR){a3^j,ia3R). 
In particular we have 

det A. 

ai := -iq' H ; h (Pjv-l(h» )i(73P, asaid^R). (7.15) 
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(7.13) 



Notice that ai = ai{u!,z,f) is smooth in the arguments u! € O, z G C" and 
/ e H~^'~^' for any pair {K',S') with, for {z,f) near 0, 

\a^\<C{K',S'){\z\ + \\f\\^.^,..s'f. (7.16) 
At points U = e'"--"^^^, that is for i? = 0, we have 

fl = idi}Adq + dZjAdzj + {P^{oj)Pc{uJo)f ,(J3a^Pc{uj)Pc{'^o)f' )■ 
At a; = Wo we get = fio- CH 
Lemma 7.2. Consider the following forms: 

P{U)Y :=i(ai<73[/,F); 

j 

Then 

dPo = no, d(3 = n. (7.18) 

Set 

a{U) = I3{U) - (3o{U) + dij{U) where ip{U) := ^(aa*, i?). (7.19) 
We have a = a^dd + a"duj + {a^ , /') with: 

a'' + ^ II/II2 = - ^ 11^ • € + ^ • ^^1^112 -i{z-C + z- ai^, aiPc{L0)f) 
- ^{{Pc{u>) - P,{oJo))f,cT^{P,{oj)+P,{oJo))f); 

of =- ^(crii?,CT3(9^i?); 
Oi^ =^<Tl«T3Pc(wo) (Pc(w) - Pc(wo)) /. 

Proof. Everything is straightforward except for (7.20), which we now prove. We 
will sum over repeated indexes. We substitute U using (3.13) getting 

1 , _w„., . > . 1 



(7.20) 



/? = ^(e-"^^Via3$, ) + ^(e--3ViC73Pe('^)/, ) + 

i [z,(e--3^aia3?„ ) - (e-"^^ ^3^,, )] . 

When we decompose ^e~^'^^^ aias^ like V-F in (4.5), we obtain 

^(e--3Vi<73$, ) = -4(e-''^='V3a<,$, ) 
z q 



(7.21) 



i(a3$,0)((e-''^^^^30, ) - (e-'-^Via3^„ )) (7.22) 



2 



i(e--3^Pe(7^:)a3$, ) 
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with by (4.2) 

_ ^(e-i-aVsa,*, ) = ^{R, Tzdm dcj-i^{q' + {R, d^^)) d^. (7.23) 

Substituting slightly manipulated versions of the formulas in Lemmas 4.1-4.2, 
in particular using asPciui) = Pc{co)*as, criPc(w) = Pc{ui)ai and aias = —aias, 
and summing over repeated indexes, we get 

/3o = -iqdi^ + ^Zj{{aiUii„a^d^R)dLO + i{^,,R)di} - {e-'"'''' a3^j , )) 

+ l^j {{cTi^j,(T3d^R)du + i{Cj,aiR)di} + {e-''''^ a^as^j , )) 

+ ^(/,a3ai(l-Pe(a;)Pc(a;o))/' ) + ^(/, a3aiPe(a;)e-'"^'' ) 

+ l{a,Pe{Lo)f, a3d^R)dco + '-{PMf, aiR)dd. 



Hence 



Po=i(^-q + ^{R,aiR)^ d-d + ^{aiR,a3d,,R) duj+ 
+ ^{a,a3{l-Pc{coo)Pc{c^))f,f')+ 

+ ^(e-''^^''aia3Pe(w)/, )• 



(7.24) 



By (3.13) we have 



dV = i(a3$,a^P)rfw + i(a3$,^,)(rf0,-c;0,) + i(a3$,Pc(w)/' ). (7.25) 



Applying to (7.25) Lemmas 4.1-4.2, the fact that, in particular, we have 
Po(uj)f(U) = Pc{uj)Pc{oJo)f'{U) = Pc{uj) [-d^Rdoj - iazRd'd + e"''^^'' l] , 
and the identities (7.27)-(7.28) below, we get dij) = 

= ^(^3$,0)((e-''^^''^3?., ) - (e-"^^Via3e„ )) 

+ l(e--3*p^(^*)^3$, ) (7.26) 

To get the last line of (7.26) we have used: 
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- l{(T3'^,(Tiij){(Tia3^j,du,R) - l{a3<^,Pc{io)do.R) = l{(T3<P,d^R) (7.27) 



{a3^,d^R) - ^(<T3$,CT3$)((73a<^$,au,E) 



^,{a3du,^,d^R); 
zq 



- ^(o-3*,Cj)(o-3Cj,o-3i?) - ^{a3^,ai^j){aia3^j,a3R) 



- ^(a-3$,PcMa-3-R) = -^{(73^,Pn±ch'J(^3R)- 



(7.28) 



Let us consider the sum (7.19). There are various cancelations. The first 
and second (resp. the first term of the third) line of (7.26) cancel with the 
second and third lines of (7.22) (resp. the first term of the rhs of (7.23)). The 
last three terms in rhs(7.21) cancel with the last two lines of (7.24). The —iqd-d 
term in the rhs of (7.24) cancels with the —\qdd term in (7.23). Adding the 
second term of the third line of (7.26) with the last term in the rhs of (7.23) we 
get the product of i times the following quantities: 

- \{a3^,P^.^nt)<^3R) - ^{R,d^^) = -1{^,R) 



(7.29) 



Z q 

= R) + ^{<yzR, ^){<yz^, do.^) 

+ ^{a3R,a3d^^){a3^,a3^) - -,{R,d^^) = 0, 
Zq q 

where for the second equality we have used 

Pn,{H^) = ^CJ3^{cT3du,^, ) + ). 

The last equality in (7.29) can be seen as follows. The two terms in the third 
line in (7.29) arc both equal to 0. Indeed, (0-3$, d^"^) = and, by i? e N^{nZ) 
and $ e Ng{Ulj), {R, $) = 0. The two terms in the fourth line in (7.29) cancel 
each other. Then we get formulas for a" and . We get a'^ also by 

ll^cH/lli = ll/lli + ((PcH - Pc{ujo))f, ai(PcH + ^c(wo))/). 

□ 

We have, summing over repeated indexes (also on j and j); 
Lemma 7.3. We have 

irOo = iq'Y^duj - iq'Y^d^ + {Yjdzj - Yjdzj) + ((71(73^/, /' ). (7.30) 



23 



For ai given by (7.15), and for T = iyfi, we have 

+ {Yf,a3aiPc{uj)d^R); 
-T^ =aiYc^ - i {aia3$,j,a3R)Yj + i {(j3^j,azR)Y-^ 

-i{Yf,a3aiPciu})a3R); 
-Tj ={(JiG3£,j,d^R)Y^ + i {aia3£,j,a3R)Y{,; 
Tj ={(T3^j,d^R)Y^ + i {a3^j,a3R)Y^; 

CT3<JlTf =(Pe(W0)Pc(w) - l)Yf 

+ Y^Pc{uJo)Pc{uj)d^R + iY^Pc{iJo)Pc{oj)a3R. 
In particular, for 7 = iytflt = iyt^o + Hytfi we have 

7„ =(V + ta,)iY% + t(aia3^,,d^R){Y% - t{a3^j,d^R){Y*)j 

+ t{iY')f,a3CTiPc{u;o)Pciuj)d^R); 
-l-a =ik' + tai)iY% -it{aia3Cj,<J3R)iY'), +it{a3ij,a3R){Y')j 

-itHY') f, a3(7iPe(wo)PcMa3i?); 
-Ij ={y*)j + t{<^i(^s^j,9^R)iYX+^H(^i<^3^j,'^sR){Y%; 
jj ={Y% + t{(T3^j,d^R){Y% + it {(T3^j,a3R){Y'h; 

+ 1 {Y% Pc{oJo)Pc{uj)d^R + ti{Y*)^ P^{uJo)Pc{uj)<J3R . 

(7.32) 

Proof (7.30) is trivial. (7.32) follows immediately from (7.30)-(7.31). In the 
following formulas we denote Pc — Pc{ijj) , P^ = -fc(wo) and we sum on repeated 
indexes. We can split f2 = f2 + fii with, see (7.13), 

Ol = ((pOPe-l)/',C73ai/'), 

O = aiM Adu + dzj A {{aias^j , duR)dio + i{aia3^j , a3R)d'&) 
- d:zj A {{a3^j,du;R)du} + i{a3^j,a3R)d'&)+ 
{PcP^f , asaiPcd^R) Aduj + i{PcP°f' , asaiPcCrsR) A d^. 

Then 

zrfii = (aia3(P°Pe-l)17,/'> 

and 

irfi = [aiFtf + Yj{aia3^j,d^R) - Yj{a3£,j,d^R) + {Yf,<j3<JiPodo,R)]dw+ 
[ - aiY^ + \Yj{aia3^j, asR) - iYj{(j3^j , asR) + i{Yf , asaiPcasR)] d'd 

- {{(Tias^j, d^R)Y^ + \{ax(j3£,j,a3R)Y^)dzj 
+ {{(^3^j,dojR)Y^ + i{(T3^j,(T3R)Y^)dJj 

- if , Y^a3aiP^Pcd^R + iY^a3CJiP^ PcCJ3R) ■ 
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□ 

Remark 7.4. If we choose 7 = — ia in Lemma 7.3 with the a of (7.19), and 
if J-'t is the flow of K*, then (Y*)^ 7^ is an obstruction to the fact that, for 

< t < 1, K o Tt is the hamiltonian of the sort of scmihnear NLS that (6.1) is. 
Indeed (y*)/ = -tiiY%, P,,{uJo)P,XLo)a3R + S{R^ ,C^). Then if we substitute / 
with / — i{Y^)^ Pc{uJo)Pc{io)a:}R + . . . in {Hujf, crsO'if) we obtain a term of the 
form {Y^)'^{'Hi^f,a3aif). To avoid terms hke this, we want flows defined from 
fields with (Y*)^ ~ 0. To this effect we add a correction to a. 

We first consider the hamiltonian fields of i9 and uj. 

Lemma 7.5. Consider the vectorfield (resp. X^,) defined by ix^^t = —id'& 
(resp. ixi^t = —idco). Then we have (here = Pci^uj) and P° = Pci^ujo))- 

d d d 



- tP°{l + tPc - tP^y^P^Pcd^R] , 

- iiP°(l + tP, - tP^r^P^P.asR] , 
where, for the ai of (7.15), we have 



(7.33) 



(7.35) 



02 ■.=it{a3^j,dujR){ai^j,R) - it{aia3^j,d^R){^j,R)+ 
+ it(P°(l + tPc - tP^y^Pj^Pad^R, asaiPeasR). 

Proof By (7.32) for 7 = -id^, satisfies 

ix*^h = 0; 

i = {iq' + tai){Xl)^ - it{aia3Cj,^3R)iX'o),+ 

+ it{a3Cj,<j3R){X'^)j - ii((X* ) f,<j3<JiP,<j3R); (7.36) 
{Xl)f = t{l - P°^c)(^^)/ - t{Xl)^P^P,d^R; 
iX$)j=-t{XlUa,a3^j,d^R); (X*),- = -t{XlUas^j,d^R). 

This yields (7.33) for X^ and the first equality in (7.34). By (7.32) for 7 = -i duj, 
X* satisfies 

{xlh = 0; 

- i - ig'(X* )tf = iai(X* )tf + t(<Ti<T30, a,,i?)(X* ),- 

-t{cjia3^j,d^R){Xl)j + t{{Xl)f,a3C7iPcd^R); (7.37) 

(X* )/ = til - P°PM)f - it(X*)^pOPea3i?; 

{Xlh = -it{XlUa,a3^j,a3R); (X*),- = -ii(X* )^(a3e,-, ^siJ). 
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This yields the rest of (7.33)-(7.34). □ 
The fohowing lemma is an immediate consequence of the formulas in Lemma 
7.5 and of (7.16). 

Lemma 7.6. For any {K',S',K,S) we have 

|l-m.9'l<l|i?ll?^-K^-.^ 



|(X^),| + |(X^)-| + ||(X^)^||^.,.<||i?||^_ 



(7.38) 



K',-S' 



(7.39) 



and 

\^ + {KhQ'\<\\ml-K'.-s', 

\{Xl)j\ + \{Xl)j\ + ||(X*)/||^_.,,_., < \\R\\h-.>,-s'. 
Set H^'^ioj) = Po{io)H^'^ and denote 

P^'^ =C™ X i?f'^(wo), P^'^ = M2xP^'^ (7.40) 

with elements (i?, z, f) € "P^"^ and {z, f) G P^"^. 

Lemma 7.7. We consider V t e [0, 1] the hamiltonian field and the flow 
^$,(t, U) = X* ($,(t, [/)) , $o(t, U) = U. (7.41) 

(1) For any {K', 5") there is a sq > and a neighborhood U ofM.x {(wq, 0, 0)} 
in such that the map (s, t, U) ^s{t, U) is smooth 

(-so, so) X [0, 1] X (W n {w = wo}) ^ p-^'.-s' . (7.42) 

(2) U can he chosen so that for any t E [0, 1] there is another neighborhood Vt 
o/Mx {(wojO,0)} inP~^ s.t. the above map establishes a diffeomor- 
phism 

(-So, So) x{Un{iJ = Wo}) ^ Vt. (7.43) 

(3) f{^e{t, U)) - f{U) = G{t, s, z, /) is a smooth map for all {K, S) 

(-So, So) X [0, 1] X n {w = too}) ^ if^'^ 

with ||G(t,S,Z,/)||ffK,s < C|s|(|^| + \\f\\H-K'.-s'). 

Proof Claims (1) (2) follow by Lemma 7.5 which implies X',j e C^iU.V^-^) 
for all {K^S). Let C, be any coordinate Zj or /. Then, for Q a scalar coordinate, 
we have 

\C{^s{t,U))-aU)\ < f |(X*)c($«^(i,C/))|ds' 

J-s (7.44) 

< C\S\ sup {\z{^s'{t,U))\ + \\f{^At,U))\\H-K',-s'). 
\s'\<s 
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For ^ = / we have 

\\f{^s{t,U)) - f{U)\\HK,s < y" \\{Xl)f{^,,{t,U))\\HK,sds' < rhs(7.44). 

The above two formulas imply the following, which yields claim (3), 

U)) - f{U)\\H^,s < C\s\i\z\ + ||/||^_.,,_sO, 
U)) - z{U)\ < C\s\{\z\ + ^ ■ ' 

□ 

Lemma 7.8. We consider a scalar function F{t,U) defined as follows: 

F{t,^s{t,U))=i [ a^^,^t,u){Xl{^s'{t,U)))ds' , where Lo{U) = LOO . (7.46) 
Jo 

We have F e C°°([0, 1] x U,^) for a neighborhood U of R x {(a;o,0,0)} in 

\Fit,U)\<CiK',S')\uj-coo\ i\z\ + \\f\\H-K',-s'f. (7.47) 
We have ( exterior differentiation only in U) 

{a + idF){Xl) = 0. (7.48) 
Proof F is smooth by (7.20) and Lemma 7.7. (7.48) follows by (7.41) and by 

au{Xl{U))+i-^ F{t,<!>4t,U))=0. (7.49) 

dS \s=0 

By (7.20) and (7.38) wc have 

|a(X^)| < \a-\ liX'^U + < + II/IIh-^',-.')' • (7-50) 

Then (7.47) follows by |s| « \u;i<i>s(t, C/)) - wo|. □ 
Lemma 7.9. Denote by X* the vector field which solves 

ixtQt = -a-idF{t). (7.51) 
Then the following properties hold. 

(1) There is a neighborhood U ofR x {(a;o,0,0)} in such that X*{U) e 
C°°([0,1] xU,V^-^). 

(2) We have (A'*)^ = 0. 

(3) For constants C{K,S,K',S') we have 



(A-*), ■ 



<(kl + 11/11//-',-')'; 

(7.52) 



2q'{io) 

+ + WiX')^^^ < i\z\ + \\f\\H-K',-s')x 

x(|^-^o| + |,| + ||/||^_,,_„+||/||2,). 
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(4) We have 



0. 



(7.53) 



Proof. Claim (1) follows from the regularity properties of a, F and fit and from 
equations (7.54) and (7.56) below. (7.48) implies (2) by 

i(A'*)^ = id^{X') = -ix^^QtiX') = ix^ritiX'^) = -{a + idF)(X^) = 0. 

We have i(A'*)^ = idw(A'*) = -ixt^^tiX*), so by (7.51) and (7.33) we get 

= ix^i^tiXl) = -(X* )^ [a"" + td,F (^,-, i?) - ta.F{ar^^,R) 
+ t{VfF + iaf, P°(l + tPc - tP°)-^P°Pca3R)] . 

Then by (7.20), (7.34), (7.15) and (7.35), we get the first inequality in (7.52): 



<c{\z\ + \\f\\H-><'.-s'r 



2q'{cj) 

By (7.32) we have the following equations 

-idjF = {X*),+t{a3^,,d^R){X% 
asa^iaf +iVfF) = ^iX')f - t{P^P, - 1)(A'*)^- 
- t{X%P^P,d^R. 

Formulas (7.56) imply 



(7.55) 



(7.56) 



\{Xl)j\ < \djF\ + C {\z\ + II/IIh--',-.') 

\{K)j\<\(>jF\+Ci\z\ + \\f\\^.^,,.s')\{X%\ 

\\{X'Jf\\H'<.s < \\af\\HK.s + \\VfF\\H^.s +C{\z\ + II/IIh--',-.') 

which with (7.55), (7.20) and Lemma (7.47) imply (7.52). (7.53) is a consequence 
of the following equalities, which we will justify below: 



0^ 



(7.57) 



The first equality is a consequence of (7.51) and L_a_ {a + idF) = 0. The latter 
is a consequence of a = and = 0. Notice that £gF = can be proved 
observing that (7.48), (7.20) and Lemma 7.5 imply X^-^F = and that on 

w = Wo we have ^^" = 0. _L^Q! = 0isa consequence of the Cartan "magic" 
formula Lx^ = (ixd+dix)^, of the definition (7.19) and of following equalities: 
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L 3 ^ = di a l3 + i a d(3 = --d{aiU, U) + UaiU, ) = 0; 

a-a as as 2 

L a Bn = di a Bn + i a dBn = —idq — a a idq A di)) = —idq + idq A z a di? = 0; 

as ao ao a^i as 

1 9 

^^'^^ = ^^'^^ = = 

(7.58) 

The second equality in (7.57) follows by the product rule for the Lie derivative. 
Finally, the third equality in (7.57) follows by L_a_flt = {l—t)Lj>_flQ+tL_a_i} = 

OS o-d o-d 

0, consequence of L_a_fl = (resp. L_a_flo = 0), in turn consequence of the first 

d'& 

(resp. second) line in (7.58) and of the identity Lxd'y = dLxl- □ 
We have: 

Lemma 7.10. Consider the vectorfield X* in Lemma 7.8 and denote by Tt{U) 
the corresponding flow. Then the flow J^t{U) for U near e'^''^^^ojo defined for 
all t e [0, 1] . We have 'doTi='d. We have for i = j, ], 



f{J^^{U)) = f{U) + £f{U) 



(7.59) 



with 



\£AU)\ < - uJo\ + \z\ + ||/||^_.^_sO^ (7.60) 
mU)\ + \\SfmHK,s < {\u; - a.o| + \z\ + UWh-^'.-s' + WfWh) (7.61) 

x{\u-U}o\ + \z\ + \\f\\H-K'.-s'). 

For each ( = u),ze,f we have 

£dU)=£d\\f\\h,oJ,z,f) (7.62) 

with, for a neighborhood o/M x {(woj 0, 0)} m '"'^ and for some 
fixed ao > 

£dQ, z, f) G C°°((-ao, ao) x Zi"^''"^', C) (7.63) 
for C, =uj,ze, and with 

£f{Q,ij, z, /) e C-((-ao, ao) x ZY"^'--^', F^'^). (7.64) 
Proof. We add a new variable g. We define a new field by 



.11/11^ 

2 ' -^^^ ""^^ N-^:""/ (7.65) 

+ t{VfF + iaf, P°(l + tPc - tP°)-^P°Pca3R}] , 



i{Y% = -(X* ), [a" + i^^^ + td,F {^„R) - tdjF{a,^j,R) 
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by 

idjF = {Y')j + t{aiC73Cj,d^R){Y% 
-idjF^{Y%+t{as^,,d^R){Y% 

(7.66) 

asa,{af + iVfF) = {Y')j + t{P^P, - l){Y')f 
- tiY')^P°Pcd^R. 

and by Y^ = 2{{Y*)f, aif). Then F* = Y\ij, p, z, /) defines a new flow Gtip, U), 
which reduces to Ft{U) in the invariant manifold defined by p = |1/||2- No- 
tice that by p(t) = p(0) + Y^ds it is easy to conclude p{Qi{p,U)) = {U) + 
O(rhs(7.60)). Using (7.39), (7.20) and (7.65) it is then easy to get 

q{uj{t)) = q{uj{0)) + q'{ujis))Yys = g(w(0)) - ^ds + O(rhs(7.60)). 

By standard arguments, see for example the proof of Lemma 4.3 [BC], we get 
q (a;(^?i {p, U))) = q {w{U)) - | + £^{p, U) , 
zeiQi (P, U)) = ze{U) + Se{p, U) , (7-67) 

f{g^{p,u)) = f{u) + ef{p,u), 

with £(^{p,U) satisfying (7.63) for ( — uj,ze and (7.64) for C = /• We have 
£<;{U) = SdWfh, U) satisfying (7.60) for C = w and (7.61) for C = Zi, f. □ 
We have: 

Lemma 7.11. Consider the flow Tt of Lemma 7.10. Then we have 

J^*nt = ^0- (7.68) 

We have 

QoF^=q. (7.69) 
If X is a function with d^x = 0, then 9,?(x o J-'t) = 0. 

Proof (7.68) is Darboux Theorem, see (7.3). Let Gt = {Tt)~'^ . Then ^?*0o = 

Wehavee;xO^)=X*(^),,>y 

igrx°, ^^t = ig'xo(oj)Gt^o = Gt'ixo(uj)^o = -id{q{u;) o g^) = i^t Qf 
Then by [X*, ^] = for all t 



' yl-t 9' 



0. 



So X^^^^^g^ = -^qii^)' ^i'^cc by (5.16) and (7.7) this implies d{qo Qi) — dQ and 
since there are points with qoQi[U) = Q{U), we obtain (7.69). Finally, the last 
statement of Lemma 7.11 follows by (7.53) and by 

□ 
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8 Reformulation of (6.5) in the new coordinates 



We set 

H = KoTi. (8.1) 
In the new coordinates (6.5) becomes 

,'. = -.0, ,'^ = -- (8.2) 

and 

.. _dH_ _ dH 

^~ dzj' ^ ~ dzj (8.3) 
i/ = crsaiVfH. 

Recall that we arc solving the initial value problem (1.1) and that wc have 
chosen ujq with q{ujQ) = ||mo|||,2. Correspondingly it is enough to focus on (8.3) 
with CO = uq. For system (8.3) we prove : 

Theorem 8.1. Then there exist £ > and C > such that for \z{0)\ + 
||/(0)||i/i < e < £ the corresponding solution of (8.3) is globally defined and 
there are f± G with ||/±||^fi < Ce such that 

lim ||e'^(')"-\/(t) - e""^'^/±||ffi = (8.4) 

>±oo 

whered(t) is the variable associated to U^{t) = (u(t),u{t)) in (3.12) and (3.13). 
We also have 

lim z{t) = 0. (8.5) 

t—^oo 

In particular, if is possible to write R{t,x) = A{t,x) + f{t,x) with \A{t,x)\ < 
Cn [t) {x)^^ for any N , with \mi^^^ Cjv (i) = and such that for any admissible 
pair {r,p), i.e. (2.4), we have 

\\I\\Lr(M.w-n ^ (8.6) 

By Lemma 7.10, Theorem 8.1 implies Theorem 2.2. Indeed, if we denote 
(oj, z', /') the initial coordinates, and (loq, z, f ) the coordinates in (8.3), we have 
z' = z + 0(|z| + 11/11^2,-2) and /' = / + 0(|z| + 1|/||^2,-2). The two error terms O 
converge to as i — >■ oo. Hence the asymptotic behavior of {z' , /') and of (z, /) 

is the same. We also have q{ijj{t)) = q{LOo) - ^^^^ + 0{\z{t)\ + \\fit)\\^2.-2) 
which implies, say at +oo 

hm q iujit)) = hm (q (uJo) - ^^^^^M") = g (^o) _ MM = g(^^) 

t— S- + 00 t— > + oc \ II Z 

for somewhere u;+ is the unique element near for which the last inequality 
holds. So limt_5.+oo w(t) = 

In the rest of the paper we focus on Theorem 8.1. The main idea is that 
(8.3) is basically like the system considered in [BC]. Therefore Theorem 8.1 
follows by the Birkhoff normal forms argument of [BC] , supplemented with the 
various dispersive estimates in [CM]. 
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8.1 Taylor expansions 

Consider U = e''^^^{<^>^ + R) as in (3.12). Decompose R as in (3.14). Set 
u = (f + Uc with *(Pc(a;)/) = (Wc,m^). We have 

B{\u\')=B{\u,\')+ [ 
Jo 

■'0 i+j<4, 

5/ dtds{l-sr E ^^^'45(|«r)|„=,,+,„^<tI^V+ 

•'[OAV i+j=5 

(8.7) 

Lemma 8.2. The following statements hold. 
K = d{u)-uj\\uQ\\l + K2 + Kp 

3 

|M+f|=3 |/i+i/|=2 

+ V(Bd(w,^),(Pe(a;)/)®'') + (B6(a;,/),l)+ / B,{x,u;,z,f{x))f^'{x)dx, 

for Bq{x, uj,f)=B ^l££if£l£ML^ ^ w/iere we have what follows. 

(1) ani^{-,t^,z) e C°° {\J , H^'^ {R^ ,C)) for any pair {K,S) and a small neigh- 
borhood U of (wo, 0) m O X C™. 

(2) G^4-,LJ,z) e C°°(U,i^f■^(M^C2)), /or U like in (1), possibly smaller. 

(3) Bd{-,oj,z) e C°°(U,iff ■^(M^B((C2)®'',C))), /or 2 < d < 4 /or U possi- 
bly smaller. 

(4) Let ^T] = for ( G C Then for B5{-,lj, z,r]) we have 

for any I , ||V[^_^ _ ^_^B5(w, ^, .S(r3,b((c2)®5,c) < ^i- 

(5) We have a^^ = G^^, = -aiG„^. 



d d 



dt 
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Proof. The expansion for K is a. eonsequenee of well know cancelations. (l)-(4) 
follow from (8.7) and elementary calculus. (5) follows from the fact that K{U) 
is real valued for [/ = crif/. □ 
Wc set 5j be for J g {1, ...m} the multi index Sj = {6ij, ...,Smj)- Let = 

A,(c^o) and A" = (A;,... ,A^). 

Lemma 8.3. Let H = K o T^. Then, at e^'^^'^^uo ^'^^e expansion 

H = dicoo) - uJoWuoWl + ^(11/11^) + Hi'^ + n^'^ (8.8) 
for oj = ojQ, where the following holds. 

(1) We have for r = 1 

Ht^= E + ^(^3^0.0/, ^i/)- (8.9) 

\n+v\=2 

(2) We have Te^^) =ni^)+'Rp), with n^) = 

= E <Hll/ll2)^'^^^+ E z^z''{a^a,G^4\\f\\l)J), 

|/i+i/|=2 Im+J'NI 



7e(2)= V z^r [ a^.{x,z,f,fix),\\f\\l)dx 

+ E ^"^'^Z h<^sG^,{x,zJJ{x),\\fg)]* f{x)dx (8.10) 

+ E<^+ / B{\f{x)\'/2)dx + iii'\z,f,\\f\\l) 
With nf^ = [ Fj{x, z, f, fix), \\f\\l)f^'{x)dx. 

(3) We have F2{x, 0, 0, 0, 0) = 0. 

(4) -tpis) is smooth with -0(0) = V'(O) = 0- 

(5) At II/II2 ^ with r = 1 

a|i;](0) = for \fj, + p\ = 2 with (/x, v) ^ iS^,Sj) for all j, 

= ^ji'^o), where 6j = {Sij, ...,6mj), (S-H) 
G^.(0) = 0/or Im + H =1 

These a^fl^}{g) and G^^(x,q) are smooth in all variables with Gn,^{-,g) € 
C°°(K,i?f'^(M3,C2)) for all {K,S). 
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( 6) We have for all indexes and for r = 1 

O't} = «S > f^i^i^ = > = -aiG^^. (8.12) 

(7) Let ^T] = (CO for C G C. J'or all {K,S,K',S') there is a neighhor- 
hoodU~^'~^' o/{(0,0)} in -p-^'-s'^ (7.40), such that we have, for 
a^„{x, z, f, 7], q) with {z, f, C, g) e U'^'-^' x C x M 

(8) Possibly restricting ''^ , we have also, for G^^{x, z, f, g, g), 

\\V[-^^-^^^ G^4jjK,.^^, ,,^ < Ci for all I. (8.14) 

(9) Restricting ~^ further, we have also, for Fj{x, z, f,g, g), 

(10) Restricting U-^'-^' further, we haveU^^H^J^ e) ^ C'^{1(-^'-^' xR,R) 
with 

0^\z,f,g)\ < Ci\z\ + \g\ + ||/||^-.^-.OII/ll'H--^-'• 

Proof By Tii^^,) = if'($<.J = and [{J^iiU) - U^k.s < \\R\\l, we 

conclude H'{^uo) = and H"{^uo) = -f^"(^wo)- In particular, this yields the 
formula for i?2^'' for II/II2 = 0. The other terms are obtained by substituting 
in (8.8) the formulas (7.59). By (0-3/, cti/) = we have {cr^Hi^o+Suf^'^if) = 
(fs^wo/' ""i/) +-^2 where F2 can be absorbed in j = 2 in (8.10). V'dl/lli) arises 
from d(u! o Ti) — cu o J^i||?iol|2- Other terms coming from the latter end up in 
(8.10): in particular there are no monomials \\f\\2z'^z'^{G, /)* with = 1, 

because of (7.60) (applied for u = coq)- 

□ 

9 Canonical transformations 

Our goal in this section is to prove the following result. 

Theorem 9.1. For any integer r > 2 there are a neighborhood U^''^ o/{(0,0)} 
in ■p^'", see (7.40), and a smooth canonical transformation % : Z^^'" — >■ 7^^'" s.t. 

ffW :=HoTr = d{iOo) - a;o||wo||i + WWl) + H^2^ + Z^'^ + T^^'\ (9-1) 
where: 

(i) H^''^ = ijf ^ for r > 2, is of the form (8.9) where a^'"j(||/||2) satisfy 
(8.11)-(8.12); 
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(ii) Z^^'^ is in norm,al form,, in the sense of Definition 9.3 below, with mono- 
mials of degree < r whose coefficients satisfy (8.12); 

(Hi) the transformation %. is of the form (see below) (9.9)- (9.10) and satisfies 
(9.12)-(9.13) for Mq = I; 

(iv) we have TZ^^^ = X^fco^d"^ ^^'^ following properties: 

(iv.O) for all {K, S, K' , S') there is a neighborhood of {{0,0)} in 



^0 ~ / , z z I a^^j\x,z,]. 



Tl'-^= ^ z'-z-- I a';:J{x,z,f,fix),\\fr2)dx 

\p,+iy\=r+l 

and for a^f[} {z , f , ri , g) with *ry = (C, C); C ^ C we have for {z,f) G 
K-K',-s' \q\<1 

\\'^'z,-XXJ,e^i^-^^'^ f^^' S^\\h''-Hm3,c) < for all I; (9.2) 
(iv.l) possibly taking smaller, we have 



^'^^ I \'Ti'JzG^^Kx,z,f,f{x)Ml)V f{x)dx 



\lJ,+v\=r 



with ||V^ _^ ^^.^G(;j(-,2;,/,?7,£.)||Hic,s(R3^c2) < Ci for all I; (9.3) 
(iv.2-5) possibly taking smaller, we have for 2 < d < 5, 

T^'-P= I F^^\x,z,f,f{x),\\f\\l)f'^\x)dx + n^p, 
with for any I 

l|V^_-^^^^^^^Fj''^(-,2;,/,ry, £i)||f^if,s(R3_B((C2)®d_c) < (9-4) 
with F^''\x,0,0,0,0) = and with n^p{z,f, \\f\\l) s.t. 

iz^j\z, f, g) e C^{U- X R,R), 

\iii^\zJ,g)\<C\\f\\%_^,,_s', (9.5) 
I^^C^. /. g)\ < Ci\z\ + \g\ + 

(zv.6) ni'-^=J^,B{\f{x)\y2)dx. 

We develop the proof in the foUowing subsections. The basic ideas are clas- 
sical. However we need to develop a number of tools, along the lines of [BC]. 
The situation here is more complicated than in [BC] because of the dependence 
of the coefficients on 11 / 11 2- 
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9.1 Lie transform 

We consider functions 

X= E ^-(11/112)'^''^''+ E ^"^''(^I'^sB^^dl/lli)'/) (9-6) 

|^+i/|=Mo+l \n+i^\=Mo 

where bf,^{g) G C°°(Mg,C) and B^^{x,q) e C°°{R,Pc{uJo)H^^^{R^,C'^)) for all 
/c and s. Assume 

= Kn and iTi-B^i^ = —B^n for all indexes. (9.7) 
We set for ii" > and 5 > fixed and large set 

11x11 = llx(ll/ll^)ll = E I^M.(ll/ll2)l + E I|5/..'(ll/ll2)ll//-.- (9.8) 

Denote by the flow of the Hamiltonian vector field ( from now on with 
respect to VIq and only in (z,/)). The Lie transform = is defined in a 

sufficiently small neighborhood of the origin and is a canonical transformation. 

Lemma 9.2. Consider the x in (9.6) and its Lie transform (j). Set {z', /') = 
(j){z,f). Then there are G{z,f,Q), r{z,f,g), To{z,f,p) and Ti{z, f, p) with the 
following properties. 

(1) V G C°°(ZY-^''-^',C'"), ro,ri G C°°(W-^'^-^',R), withU-^''-^' C 
C"* X ~^ (wo) X K an appropriately small neighborhood of the origin. 

(2) g e C°°(Z^-^'^-^',i7f^^(cJo)) for any K,S. 

(3) The transformation (p is of the following form: 

z' = z + TizJ,\\f\\l), (9.9) 

(4) We have 

ll/'lli = ll/lli + ri(z,/,||/||i), (9.11) 
|ri(^,/,||/||i)|< 

C|^|Mo-l(|^|Mo+2 + |^|2||;||^_^, + \\f\\%..,,.s')- (9.12) 

(5) There are constants ck',s' o.'^^d <^k.s,k',s' such that 

|r(z,/, 11/11^)1 < CK-MWxW + (9.i2))|zr-i(|z| + 

ll^^(^,/,ll/ll2)IU-.- <CK.S,K',5'(llxll + (9.12))|zr^«, (9.13) 

|ro(^,/, 11/11^)1 < CK^MA'^'^WA + \\f\\H-K..-s.f. 
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(6) We have 



giroPc('^o)o'3 _ giro(T3 



■r(ro), (9.14) 



whereT{r) G C^iR, B{H-^' , H^''^)) for all {K,S,K',S'), with norm 
\\T(r)\\^f^fj-K' ,-s' i/K.s) < C{K,S,K' ^S')\r\. More specifically, the range 
ofT{r) is R{T{r)) C Ll{H) + Ll{H*), defined two lines after (3.11). 

Proof. Claim (6) can be proved independently of the properties of Fq. Recall 
that Pc{oj) = 1 — Pd{i^), see below (3.11), with Pd{oj) smoothing and of finite 
rank. Exploiting asPd{io) = P^{u))a3 it is elementary to prove 

^iFoPcMas ^ e'^°'^^ + T(ro) with T{To) = -isin(ro) Pd(wo)c73+ 



+ E^E(^|V^(^c(.o)a3)^ 



n=2 j=l 

with K = Pd{Loo)P^{LOo) - Pd(wo) - frf (wo) and e{n) = T{To) has the 

properties of Claim (6). 

In the sequel wc prove Claims (1)"(5). Set g = \\f\\2- For 6^,^ and 
derivatives with respect to g, summing on repeated indexes, consider 

j{z, /, q) := 2{b'^,{g)z'^r + {aro^B'^M, D^^^^- (9-16) 

For a\f = /, then 7(2;, f,g) gM. by (9.7). We set up the following system: 

i^i= E '^j^— E ''3^-{<^i<^3B^,4g),f) 

|^i+i/|=Mo+l |/:i+!^|=Mo ^ 

i/= E ^''^''-^/^.'(e) +7(2^,/,£')-Pc(wo)o-3/ (9.17) 

|(U+i/|=Mo 

^ = -2i( ^^"^''BM + l{z, f, g){Pc{oJo) - P:{uJo))<Jif, aif), 

|^+y|=Mo 

where in the last equation we exploited (0-3/, aif) = 0. By (9.7) the flow leaves 
the set with aif = f and g €R invariant. In particular, the set where g= \\f\\2 
is invariant under the flow of (9.17). In a neighborhood of the lifespan of 
the solutions is larger than 1. (9.9) can always been written. For 7 defined in 
(9.16), we have 

f(t) = e-'^o'ydsPc{:^o)T3f_ i /" z''z''e'J'''"^''^''^'^°^''^B^^ds. 

This yields (9.10). We can always write 

g' = g + ri{z,f,g). (9.18) 
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This yields (9.11). Claims (1) (2) follow from the regularity of the flow of (9.17) 
on the initial data. By (9.17) we get 

m -g\<C sup \z{t')\^°-\\z{t')\^°+^+ 

o<t'<t (9.19) 

+ k(oni/(oiiH--',-' + \\f{t')\\%-.,,-s'). 

Similarly we have 

\zit) -z\<C sup \zit')r-'\\x{Q{mi\zit')\ + ||/(i')llH-',-'), (9.20) 

II f z^'re'il^'^''P^^^'^''^B^,ds\\HK^s <C sup \z{t')\^''\\x{Q{t'))\\. (9.21) 
Jo 0<t'<t 

Then |z(i)| « jzj + ||/||jj_k/,_s' with in particular \z{t)\ « jzj when Mq > 1. By 
Claim (6) and by the fact that the exponent ro(2;, /, q) in (9.10) is a uniformly 
bounded function, we get \\f{t)\^jj-K',-s' ~ j^^j + ||/||jj-k',-s'. Then 

Illx(f(0)l|-Ilx(^)lll<(9.12). (9.22) 

This implies that the right hand sides of (9.19)-(9.21) are bounded by the 
bounds of Fi, F and Q in the statement. This yields the desired bounds on Fi, 
F and Q. The bound on Fq follows from 

\{t')dt'\<c sup |z(ornk(oi + 11/(011^--',-.') 

o<t'<t (9.23) 

<cii^ro-i(i.i + ii/ii^_.,_.o'- 

□ 

9.2 Normal form 

Recall the notation = and 5j = {5ij, ...,Smj), see before Lemma 8.3. 

Let H = HojoPc{T-iu!o)- For r > 1, using the coefficients in (8.9) of the ifj"^^ in 
Theorem 9.1, let 

= ^(11/11^) = A,(a;o) + J(>^ {\\f\\l), = {X^;\. • • , A^). (9.24) 

Definition 9.3. A function Z{z, /) is in normal form if it is of the form 

Z = Zo + Zi (9.25) 
where we have flnite sums of the following types: 

Z,= ^""^"{^k^sG^MDJ) (9-26) 

\X'>-{:^-n)\>uso 



38 



with G^^{x,q) e C°°(Me,iff'^) for all K, S; 

Zo= Yl ^^(11/112)^"^^ (9-27) 

X°-{lJ.-u)=0 

and a/^^vio) € C°°(Mg, C). We will always assume the symmetries (8.12). □ 
For an H^''^ as in (8.9) let H^"'^ = D^^^ + (iJ^''^ - £)^''') where 

D« =Y,\''pml)W\ + licrsH^of^^if)- (9.28) 

In the following formulas we set Xj = x'j'\ A = A'*"^ and D2 = D^K We recall 
(A^(^) is the derivative in g) that by (5.3), summing on repeated indexes, 

{D2,F} dD2{XF) = djD^iXp), +&jD2(Xp)j+{VfD2, (X^)/) 
= -idjD2djF + idjD2djF - i(V/D2,fT3ffiV/F) = (9.29) 
iXjZjd.F - iX,z,djF + i{nf, VfF) + 2iA;.(||/||2)|z,f (/, agV/F). 

In particular, we have, for G = G{x), (we use aiia2 = 0-3) 

{D2,z^'z''} =iX-{iJ,-iy)z^'z'', 

m 

{D2,{(TiasG,f)} = -i{f,a,a3HG)-2iJ2yj\zj\^{<Tif,G), ^gg^^ 

{^2, ^11/11^} = {^2, = i{Hf,a^f) = -i(/3'(</)2)0V3/,/). 

In the sequel we will assume (and prove) that ||/||2 is small. We will consider 
only \fi+v\ < 2N + 3. Then, X"-{fi-iy) ^ implies \>^\ix-v)\ > c > for some 
fixed c, and so we can assume also I A- (/Lt—z^) I >c/2. Similarly | A" • (/U— 1^)| < wq 
(resp. \}P ■ {ii — v)\ > Wo) will be assumed equivalent to \X- {^i — v)\ <coo (resp. 
|A- {n-i^)\ > Wo). 

Lemma 9.4. Consider 



K= Yl ^,^11)^"^"+ E z'^z-'ia^asK^MDJ}- (9-31) 

Suppose that all the terms in (9.31) are not in normal form and that the sym- 
metries (8.12) hold. Consider 



^ , ^ ix-{u-fiy 

- E -^^^<-^-3 _^ i^..(||/||i),/). 

|/n+i^|=Mo V VP- ; ; 
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Then we have 

{X,D2} = K + L (9.33) 
with, summing on repeated indexes, 

/ ^ \ (9.34) 

2A' • (m - ,y)z>^znzj\' ( ai/, ^ ^ ^. K,^ ) {P'{cP^)<P'a,f, f) 

\ ((m - z^) • A - W) / 



T/ie coefficients in (9.32) satisfy (8.12). 

Proof. The proof follows by the tables (9.30), by the product rule for the deriva- 
tive and by the symmetry properties of 7^. □ 
Wc spht the proof of Theorem 9.1 in two stages. We first prove step r = 2 
of Theorem 9.1. We subsequently prove the case r > 2. 

9.3 Proof of Theorem 9.1: the step r — 2 

At this step, our goal is to obtain a hamiltonian similar to H, but with 7?.(^) = 0. 
We will need to solve a nonUnear homological equation. We consider a x like in 
(9.6) with Mo = 1 satisfying (9.7). We write 

Hoct> = d{iOo) - wo||wo||2 + V'(ll/'ll2) + (^^2^^ +n^^+ n^^) o ct>, (9.35) 

for (j) the Lie transform of x- Wc write; (9.9)-(9.10) as follows, where we sum on 
repeated indexes and V/ does not act on \\f\\2- 

z'j - zj = dkrj{o,o, WfWDzk + %r,(o,o, \\f\\l)zk + (9.36) 



+ (V^T,(0,0,||/||i),/)+r 



3 ' 



2,„.M2 ^ (9-37) 



/' _ eiro(.,/Ml/||,)P.(-o)a3 J = Q^g(^Q^ 0, ||/||i)zfc + £^{0, 0, ||/||i)Jfe + rf. 

By (9.13)-(??) the terms in rhs(9.36) satisfy (see (9.8) for definition of ||x|| 

\dkTA + ---\\d^\\H-.s<C\\x\\ 
\rj\ + \\rf\\H'<^s<C{\zf + \\f\\l_,,,_s,). 

We write the /'®^ in (8.10) schematically as 

\^l+^^\=2 (9.38) 
+ (e'^^'^V + T{To)ff{x) + ipix)rjf{x) + rf{x)f{x) + <p{x)r] + r}{x) 
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where (p{x) represents an exponentially decreasing smooth function. (9.37) im- 
plies 

(9.39) 

We consider 

H^''>ocl> + Tl(^)o^+ [ F2{x,0,0,0,\\f\\l)r^{x)dx 

+ (V^^«(0,0,||/||i),/'«2). 
We will assume for the moment Lemma 9.5: 



(9.40) 



Lemma 9.5. The following difference is formed by terms which satisfy the 
properties stated for TZ^'^^ in Theorem 9.1: 

WWl) + {Hi'^ +T^)+T^))o^- V>(||/||i) - (9.40). (9.41) 

We postpone the proof of Lemma 9.5 and focus on (9.40) and on the choice 
of X- 

Lemma 9.6. It is possible to choose x such that there exists H2 as in (i) 
Theorem 9.1 such that the difference (9.40)— i?2 is formed by terms which 
satisfy the properties stated for Tt^"^^ in Theorem 9.1. 

Proof. We have by (9.6) and using Definition 5.2 

/•I 

Jo 

E b^Ml) [\Hi'\z''r}ocl>tdt+ .g42) 

E (^3CTi 5^.(11/11^), l\Hi'\z^rf}o<i>^dt) + R 

with \R\ < C{\z\ + WfWjj-K'.-s'f, (9.30), Lemma 9.2. Then, by (9.30) for 
A = A(i), defined in (9.24), and substituting ilf ^ = + (iff' - D^^^) in the 
last two lines of (9.42), we get 

\li+v\=2 

-i E z^z^f,a^a^{U-X-{n-u))B^,) + R, 

\tJ.+u\=l 

with £1^^^ defined in (9.28) and with, by (9.30), (8.11) and Lemma 9.2, 
1^1 < C{\z\ + II/IIh-k',-.')' + CllxIKIIxll + ll/ll^)(NI + II/IIh--',-')'- (9.43) 
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Similarly 

|/i+i/|=2 \lJ,+v\ = l 



(9.44) 



with + \\L^^\hk,s < C\\x\\ |17^(1)|| (9.45) 
1^1 < rhs(9.43) + rhs(9.45). (9.46) 
In (9.40) we substitute /'^^ using (9.38). Then 



/ 



F2{x, 0, 0, 0, \\m)r\x)dx = X + R (9.47) 



with: X a polynomial like (9.6) with Mq = 1 such that ||x|| < Cll/llillxll by 
claims (4) and (9) in Lemma 8.3 and by (9.38); x satisfies (9.7) by the fact that 
the rhs(9.47) is real valued; R formed by terms with the properties stated for 
TZ^'^^ in Theorem 9.1, see second line of (9.38). By an argument similar to the 
one for (9.47), we have 

{V}ni''> (0, 0, WfWl), = ^ + R, (9.48) 

with X and R different from the ones in (9.47) but with the same properties. 
Then we have 

(9.40) = ir(') + 7^(2) +x + i J2 

' ' (9.49) 

where R satisfies the properties stated for TZ^'^^ and X is a polynomial like (9.6)- 
(9.7) with Mo = 1 and {Z and K will be defined in two lines) 

11x11 = ll^ll + ll^ll < C7||x||(||/||^ + 11x11 + ||^(^)||). (9.50) 

Here x = Z + K, where in Z = ^/m^dl/HD^:'*^'' we sum over |/i + = 2, 
■ 1^ = ■ u, i.e. in Z we collect the null form terms of x- We set 

hP = iff ^ + Z. (9.51) 

Up to now X is undetermined. We choose x with coefficients b^i, and B^^, such 
that bfj,i, = for X^ ■ fj, = X^ ■ u and such that the following system is satisfied: 



nw+K + i Y h^,x-{ii-v)z^'r- 



"'+^'=^ (9.52) 
i z^'r{f,aia3{n-X-{i^-iy))B^^)=0. 
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In coordinates, (9.52) is 

<2+ V+i^-^-(M-'^) = 0, Im + H = 2, A°-M7^A°-i/, ^^^^^ 
Gi,u + -i{n-X-{/i- v))B^^ = 0, |;u + z/| = 1, 

where: a^^J and G^i^ are coefficients of 7?.(^) , they are smooth functions of ^ = 
II/II2, and are equal to for ^ = 0; fc^^ e C and Kfj,v € H^'^ are coefficients 
of K, and are smooth functions g = \\f\i^ and of the coefficients of x, where 
h^^ e C and B^^ e iJ^"^. By (9.50) 

\k,.\ + < C||x||(||/||^ + 11x11 + (9.54) 

Then by the imphcit function theorem wc can solve the nonlinear system (9.53) 
with unknown x obtaining (we consider fej^j, only for A° • /U ^ A° • i/) 

<c||7^a)||(||7^a)|| + 11/11^). 

Notice that with the above choice of x and with (9.51), (9.49) yields 

(9.40) = fff ^ + R, (9.56) 

where R has the properties stated for TZS^^ in Theorem 9.1. Hence Lemma 9.5 
is proved. □ 

Proof of Lemma 9. 5 



By (9.11)-(9.12), and with the big O smooth in ^ € C", / € 



-K',-S' 



WWl) = ^(11/112) + O {\z\\f\\H-Kr-s- + \\f\\%-.>.-s>) ■ (9.57) 

The error term in (9.57) has the properties stated for T?.*-^-* in Theorem 9.1. We 
consider the terms TiS"^^ o 0. Terms, for |/i + = 3, like 



'[ aix,z',f',f'{x),\\f'\\l)dx, (9.58) 
by (9.9) and (9.13) can be written as 

{z>^z'' + 0{{\z\ + \\f\\^.^,,.s'f)) [ a{x,z',r,nx),\\f'g)dx, (9.59) 

In the notation of Lemma 9.2 we have 

a{x, z', /', fix), ll/'lli) = a{x, z + T, f^W'^.)'^. f + 
e'^«-3y(^) + [T(ro)/](a;) + g{z, /, \\f\\l){x), \\f\\l + Fi) (9.60) 
= a{x,z,f,f{x), \\f\\l) + 0{\z\ + 



43 



The big O's in (9.59)- (9.60) are smooth in z G C™, / € R-^' -^' . Then (9.58) 
has the properties stated for TZ^"^^ in Theorem 9.1. Similar formulas can be used 
for 

z'^z'^ I [aia3G^.(x,z',/',/'(x),||/'||i)]V'(a;)da;+ 

5 . ,. (9-61) 

Fj{x,z'J',f'{x),\\f'\\l)f"^'{x)dx+ B{\f'{x)\y2)dx. 

We treat with some detail these terms in the step r > 2, Subsection 9.4. Next 
we consider the term with / F2f'^^{x)dx. First of all, we can apply to F2 an 
analogue of (9.60) to obtain for d = 2 

Fa{x, z', r, fix), ll/'lli) = Fa{x, z + T, (^W'^.)<^. f + 
^^<^-^f{x) + [T(ro)/](x) + g{z, f, \\f\\l){x), ll/lli + Ti) (9.62) 
= F4x,0,0,f{x), ll/lli) + 0(|z| + ||/||^_.,,_.0. 

Then, modulo terms with the properties stated for TZ^'^^ in Theorem 9.1, we get 



/ 



F2{xMf{x)A\nl)f"'\x)dx= / i^2(x,0,0,0,||/||i)/'®2(x)dx 

(9.63) 



+ 



/ G2{x,f{x),\\ff2)fix)(3r\x)dx, 

JR3 



where first term in rhs has been treated in Lemma 9.6 and second term has the 
(2) 

properties stated for TZ^ ' in Theorem 9.1. By a similar argument 

^^2\z',f,\\f\\2)-{V}ni'\Q,0,\\f\\l),f'^') (9.64) 

has the properties stated for T?.*^^^ in Theorem 9.1. □ 
We denote: X2 ~ T2 the Lie transformation of X2: Z^'^^ = 0. H2^^ has 
been defined in (9.51). Wc denote 7^(2) = (9.41) + (9.40) - H^/K This 7^(2) 
satisfies the conditions in Theorem 9.1. This ends the proof of case r = 2 in 
Theorem 9.1. 



9.4 Proof of Theorem 9.1: the step r > 2 

Case r = 2 has been treated in Subsection 9.3. We have defined i?2^^ in (9.51). 
We proceed by induction to complete the proof of Theorem 9.1. Prom the 
argument below one can see that ^2''^ — r > 2. For r > 2, write 

Taylor expansions 

<^-<2^= E z'^z'' f a^;kxM0,\\ff2)dx, (9.65) 
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We have 



l^;^-n^^^= V z^'^ [ \aiasG';[}{x,0,0,0,\\f\\l)\* fix)dx. (9.66) 
I. .777 „ 



|/i+i/|=r 



'^02 ^ '^12 



5^ ^'^r / SW(ar,^,/,0,||/||i)rfa;+ 
J2 z'^" I \cTiasG(;l{x,z,fJ{x)Ml)Xf{x)dx+ 
z'^z'- [ F^'\x,z,f,f{x),\\f\\l)-ifix)f'dx, 



|/i+i/|=r+l 



(9.67) 



\ii+v\=r 



with satisfying (9.2), G^TJ (9.3) and F^^ (9.4). Since =HoTris real 
valued (because H is real valued), then both sides of equations (9.65)-(9.67) are 
real valued. In particular, a^^J and G^^} satisfy (8.12). Set 



Kr+i := rhs(9.65) + rhs(9.66). 



(9.68) 



Split -ftTr+i = Kr+1 + Collecting inside Zr+i all the terms of K^+i in null 
form. The coefficients of K^j^i and of Z^+i satisfy (8.12), by the argument just 
before (9.68). Wc consider a (momentarily unknown) polynomial x like (9.6)- 
(9.7), Mo = r. Denote by </> its Lie transformation. Let {z',f') = 4>{z,f). For 
d = 2, in the notation of Lemma 9.2 we have 



in'^j^-n'^j^Xz'j') = (i^f(^', /',/'(•), ll/'lli),(e^^°^=('^°)'^v + a)«'^). 

(9.69) 

Then rhs(9.69)= 



''^) E ^'^^ '^^"^ 

j=o ^■'^ e=o ^ ' 
In the notation of Lemma 9.2 we have for d = 2 

F'i\z\j\r{x\mi){x) = 

{z + r, eiroi'c(c.o)<.3/ + e'r'"^V(a.) + [T(ro)/](a;), ||/||i + Ti) (a;). 

Then 

F^^\z', /', /'(a;), ||/'||i)(a:) = F^;\^, 0, /(x), ||/||^)(x)+ 

Oi\z\ + II/IIh-'.-') = i^i''\0,0,0, ||/||i)(a;)+ (9.72) 

G(0, 0, /(a;), m\){x)!{x) + 0(|^| + ||/||^_.,._sO, 



(9.70) 
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where the big O are smooth in z G C™ and f E H ^ ' ^ with values in 
i?^'^(R3,S((C2)®2,C) and where G has values in H'^^^{R^,B{{C^)^^,C) and 
satisfies estimates (9.4). So the last line of (9.72) when plugged in (9.70) for 
d = 2 yields terms with the properties of J2^=o'^li~^^^ ■ We focus now on the 
first term in the rhs of (9.72). Schematically, in analogy to (9.38) we write 

+ Yl A,,{x,\\f\\l)z^r + {e^''''-^f + T{ro)fnx) (9.73) 

|/n+i/|=2r 

+ (p{x)rjf{x) + rf{x)f{x) + v(a;)r| + rj{x), 
where we have (9.39) and \rj\ + \\rf\\HK.s < C{\z\ + ||/||^_if/,_s/ )''+!. Then 



/ 



F^'\x, 0, 0, 0, \\f\\l)r®Hx)dx = XI + Ri (9.74) 



with: Ri formed by terms obtained by the last two lines of (9.73) has the 
properties stated for TZ^'^^^') in Theorem 9.1; Xi ^ polynomial like (9.6) with 
Mo = r arising from the first line of rhs of (9.73) is such that < CH/Hlllxll 
by the inductive hypothesis F2'^^(x, 0, 0, 0, 0) = in (iv.2-5) Theorem 9.1 and 
by (9.39); xi satisfies (9.7) because each side in (9.74) is real valued. We have 

Ti^;\z\f\\\m = {vjni'\oA\\f\\i)j'^')+ 
+ {Tz'{\z', r, \\m (v?.7er^(o,o, ii/i|2), ,r^)), 

where the second line on rhs of (9.75) yields terms which have the properties of 
elements of 7?.('"+^^ We have 

{v}ni'-\o, 0, WfWl), r^) = X2 + R2 (9.76) 

where X2 and R2 have the same properties of xi and Ri in (9.76). Split H2^^ = 
D^^'^ + {H^^^ - D^^^) for D^") in (9.28). Then 

{x,H^"'^-Di''>}=X3 + R3 (9.77) 

where X3 and R3 have the same properties of xi and Ri in (9.76). Set x = 

Xj- Split now X = Z + K collecting in Z the null form terms in x- Then 
we choose the yet unknown x such that its coefficients and satisfy the 
system 

Kr+i + K + i Y b^,\-{ii-u)z^'z''- 

' ' (9.78) 
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Notice that for i^T = system (9.78) would be linear and admit exactly one 
solution. By ||x|| < C||/||i||x|| we get < C||/||i||xll • So by the implicit 
function theorem there exists exactly one solution of (9.78). This solution is 
close to the solution of system (9.78) when K = 0. Furthermore, this system 
has solution Xr+i = X which satisfies (8.12), or what is the same, (9.7). For 
Lr+i of type (9.34), Xr+i satisfies 

{xr+i,H^"^}=Kr+i+K + Lr+i. (9.79) 
Call ^r+i = <P the Lie transform of Xr+i- For Tr+i = 7^ o set 

Jj{r+1) ._ jj(r) o ^^^^ ^ ^ o (7-^ o ^ ^ o j-^^^ (9_8Q) 

Since Xr+i satisfies (8.12), is well defined and real valued. Split 

iJ^*^) o ,^^+1 = iJ^'') + + Zr+l + Z (9.81) 
+(Z('^) o dr+i - Z^-^y) + {Zo - Z) (9.82) 

+ {Kr + i + K) O (l)r+l - Kr+l - K (9.83) 

o - (h« + {i?W,x.+i}) (9.84) 

+(7^[,2^ +7^i2^)o0^+l (9.85) 

+ ELsiT^d^ - T^d^) ° 4>r+i + n''d^ o cpr+i (9.86) 

+ {n^^'^ ~ Z - K) o <t)r+i (9.87) 

+V' o + 7e[j''' o . (9.88) 

Define h'(^^^ = iJ^''^ (this proves if^''^ = ijf ^) and Z^^'+i) := Z^"^) + Z^+i + ^• 
Its coefficients satisfy (8.12) (because is real valued) and it is a normal 

form. Wc have already discussed that (9.87) has the properties stated for 7^^''+^). 
By expansions (9.69)-(9.71) we get that the first summation in (9.86) has the 
properties stated for 7?,('"+^). By an analogous argument, terms TZ'"j\z', /') have 
the properties stated for ■R^''+^h We have, for T = T{To), 



\f{x)\^ = |/(a;)p +f(x) with £{x) := 2{T{To)f{x)ra,e^^°^^f{x) 
+ \T{ro)f{x)\^ + 2g*{x)ai(^^°-^f{x) + 2g*{x)a^T{ro)f{x) + \gix)\\ 

Then 

ni^'>o^,+,= [ B{\f{x)\^/2)dx= I B{\f{x)\^/2)dx 

dx£{x) [ B'{\f{x)\^/2 + s£{x)/2)ds. 
Jo 



(9.89) 



(9.90) 



M3 



The last line in (9.90) has the properties stated for 7?.^''"'"^) — T^.g'^'*'^'' by Lemma 
9.2. By (9.67) and by the fact that satisfies (9.2), (9.3) and F^""^ (9.4), 
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the terms 71^q2 + ^12'' ^^e properties stated for X^d=o ^i'^"''^^- '^^^ same 
conclusion holds for (9.85). By Lemma 9.2 and by an analogue of (9.57), we 
have that ip o cj),. — ip + ijj where tp has the properties stated for X]d=i ^d*^^^^ 
(9.12). We have 



+i-ZW= / {zM,x.+i}o</.* (it. 



by 
(9.91) 



We have 



{Xr+l,Z(^n <C(|^r+2 + |^|'^+l||/||^_,,_„). 



(9.92) 



By (9.92) we conclude that (9.91) has the properties stated for ']Z^''+'^\ The 
same is true for the other terms in (9.82)-(9.83). We have, for H2 = 



^2 0<?ir+l - (-^2 + {-ff2,Xr+l}) = j ^ {{if2, Xr+l} , Xr+l} O 



(9.93) 



Then 



erties stated for 'R^^^^\ 



{ifr+i -\- k + -^r+i, Xr+i} < rhs (9.92) implies that (9.93) has the prop- 



□ 



10 Dispersion 

We apply Theorem 9.1 for r = 2N + 1 (recall N = Ni where NjXj < loq < 
{Nj + l)Xj). In the rest of the paper we work with the hamiltonian H^^\ We 

will drop the upper index. So we will set H = H^^\ H2 = H2^\ Xj = x'j'\ 
X = X^^\ Za = zi^^ for a = 0, 1 and TZ = TZ^'^\ In particular we will denote by 
Gi^i, the coefficients G^^u of z[^\ We will show: 

Theorem 10.1. There is a fixed C > such that for Eq > sufficiently small 
and for e G (0, £0) we have 

\\f\\L'-{lo 00) w'^-'') — ■^'^^ "^^^ admissible pairs {r,p) (10-1) 
II-^''IIlJ([o,co)) ^ C'e for all multi indexes /i with \ ■ fi > cjq (10.2) 
ll^jlliv^^Cp.oo)) ^ f<^^ j e {l,...,m} . (10.3) 

Estimate (10.3) is a consequence of the classical proof of orbital stability in 
Weinstein [Wl]. Notice that (1.1) is time reversible, so in particular (10.1)- 
(10.3) are true over the whole real line. The proof, though, exploits that t>0, 
specifically when for A G crd'H) we choose -R^(A) = Rh{^ + iO) rather than 
i?- (A) = R-h{X - iO) in formula (10.11). See the discussion on p.l8 [SW3]. 
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The proof of Theorem 10.1 involves a standard continuation argument. We 

assume 

II/IIlj'([o t] wi'P) — f*-"^ admissible pairs (r,p) (10-4) 
lk^l!L2([o,T]) ^ C'2e for all multi indexes fi with w • /x > wq (10.5) 

for fixed sufficiently large constants Ci, C2 and then we prove that for e suf- 
ficiently small, (10.4) and (10.5) imply the same estimate but with Ci, C2 
replaced by Ci/2, C2/2. Then (10.4) and (10.5) hold with [0,T] replaced by 
[0,00). 

The proof consists in three main steps. 

(i) Estimate / in terms of z. 

(ii) Substitute the variable / with a new "smaller" variable g and find smooth- 
ing estimates for g. 

(iii) Reduce the system for 2; to a closed system involving only the z variables, 

by insulating the part of / which interacts with z, and by decoupling the 
rest (this reminder is <?). Then clarify the nonlinear Fermi golden rule. 

The first two steps are the same of [CM] . The only novelty of the proof with 
respect to [CM] is step (iii), specifically the part on the Fermi golden rule. At 
issue is the non negativity of some crucial coefficients in the equations of z. This 
point is solved using the same ideas in Lemma 5.2 [BC]. The fact that they are 
not is assumed by hypothesis (Hll). The fact that if not they are positive, 
is proved here. 

Step (i) is encapsulated by the following proposition: 

Proposition 10.2. Assume (10.4) and (10.5). Then there exist constants 
C = C{Ci,C2),Ki, with Ki independent of C\, such that, if C{Ci,C2)e is 
sufficiently small, then we have 

II/IIlj'([o t] — -^1^ /'^'^ admissible pairs {r,p) . (10.6) 

Consider Zi of the form (9.26). Set: 

G% = G,Ml) for 11/11^ = 0; A° = Xj{u;o). (10.7) 

Then we have (with finite sums and with the derivative in the variable II/II2 
performed w.r.t. the ||/||| arguments explicitly emphasized in Theorem 9.1) 



if-Hf-2idy^^.H)P,{LOo)a3f= J2 ^''^'^1^- 

+ Yl ^""^"(G^. - G%) + asa^Vf-R - 2(a||/||27^)Pe(a;o)<73/. 
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The proof of Proposition 10.2 is standard and is an easier version of the argu- 
ments in §4 in [CM]. The dominating term in the rhs of (10.8) is the one on the 
first hne, with contribution to / bounded by C(C2)e by the endpoint Strichartz 
estimate and by (10.5) (we recall that the third term in the Ihs, in part becomes 
a phase through an integrating factor, in part goes on the rhs: see [CM]; this 
trick is due to [BP2]). Notice also, that Theorem 10.1 implies by the arguments 
on pp. 67-68 in [CM] 

lim 

>-+oo 

for a /+ e ffi with \\f+\\m < Ce and for e{t) = tojo + 2 Jl{dy\\2H){t')dt' . 
We claim that e{t) = 'd{t) - ■i?(0). This claim. Theorem 9.1, Theorem 10.1 and 
(10.9) imply Theorem 8.1. To prove the claim we substitute the last system of 
coordinates in (3.21) to obtain 

if-nf-i'd- LOo)PM(Jzf = G (10.10) 

where G is a functional with values in G G(R, L^). The two equations are 
equivalent. This implies G = rhs(10.8) and ^ — ujq = 29||j||2iJ. This yields the 
claim. e{t)=d{t)-d{Q). 

Step (ii) in the proof of Theorem 10.1 consists in introducing the variable 

9-1+ E z>^z'^R+{X'^.{„-v))G%. (10.11) 

Substituting the new variable g in (10.8), the first line on the rhs of (10.8) 
cancels out. By an easier version of Lemma 4.3 [CM] we have: 

Lemma 10.3. For e sufficiently small and for Gq = Gq{H) a fixed constant, 
we have 

WqWlIlI'-' < Coe + 0{e^). (10.12) 

As in [CM], the part of / which couples nontrivially with z comes from the 
polynomial in z contained in (10.11). g and z are decoupled. 

10.1 The Fermi golden rule 

We proceed as in the related parts in [EC, CM]. The only difference with [CM] 
is that the preparatory work in Theorem 9.1 makes transparent the positive 
semidefinitcncss of the crucial coefficients. 

Set = ;?+ (A" • (/i - y)). We will have A° = Aj(wo) and \j = \j{\\f\\l) as 
in Section 9.2. |A° ~ Xj\ < G^e^ by (10.4), so in the sequel we can assume that 
A° satisfies the same inequalities of A. We substitute (10.11) in \Zj = 



,i9(t)<73 



f{t) 



= 



(10.9) 
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obtaining 

izj =d^j{H2 + Zo)+ ^ fj^—{g,(ri(T3G^t,)+d^^'R 

A-(/2-!^)|>a>o 

^fj,+a-„+l3 (10.13) 

|A-(c<-/3)|>a;o ^ 
\X-{lJ,-u)\>u}o 

We rewrite this as 

izj =d^.{H2 + Zo)+Sj (10.14) 
-E A./3>.o !.,-^(i?+G0^,aia3G0,) (10.15) 

A-^'>wo 
A-/3-Afc<a;oVfe s.t. /3fc^0 
A-i-'— Afc<a;o V fc s.t. i^fcT^O 

-E A.a>.o '^ifl^(^Jo^?aO.'^1^3Gg,). (10.16) 

A-i'>aJo 
A-a— Afc<u;oVfc s.t. afc^^O 
A-i^— Afc<woVfe s.t. ffcT^O 

Here the elements in (10.15) will be eliminated through a new change of vari- 
ables. £j is a reminder term defined by 

£j := rhs(10.13) - (10.15) - (10.16). 

Set 

A ;9>i^o , A i^>a)o \f-' / J 

A-^-Afc<uoVfe s.t. /SfcT^O 
A-i^ — Afc <aJo V fc s.t. t'fcT^O 

i/j 0"^'^ (10.17) 

A-Q:>a;o , A-f >a;o / 3 

A-a— Afc<aJoVfc s.t. a^T^O 
A-i^ — Afc <a;o V A: s.t. i/fc^O 

Notice that in (10.17), by A • i/ > wo, we have \v\ > 1. Then by (10.5) 
\\C-z\\L2<Ce J2 ni<CC2Me^ 

A.a-Afc<tj"vfc°s.t. ak^O (10.18) 

||C-^IIl~ <cv 

with C the constant in (10.3) and M the number of terms in the rhs. In the 
new variables (10.14) is of the form 



Kj = %H2{C, f) + d-^.ZoiC, f) + Vj 



J2 i^,^(i?+oG°o,aia3G°J. (10.19) 

A-a — Afc<uJoVfc s.t. afc^O 
A-i/— Afc<u;o V fc s.t. yfcT^O 
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From these equations by J2j ^^iCj^. {^2 + Zq) - Qd^ {H2 + Zq)) = we get 

m m 

-2 E A°..Im(rr(i?^oG°o,-i-3GU). 

A-a — Afc<u;oVfe s.t. afc^^O 
A-i/— Afc<aJo V fc s.t. t'fcT^O 

We have the following lemma, whose proof (we skip) is similar to Appendix B 
[BC]. 

Lemma 10.4. Assume inequalities (10.5). Then for a fixed constant cq we have 

E II^jC, IUmo,t] < (1 + C2)coe\ (10.21) 
j 

For the sum in the second line of (10.20) we get 



2ErIm/i?+(r) ^ CGl„a,a^ ^ C 



(10.22) 



2ErIm/i?+(r) ^ CG°o,a3 ^ CGOq \ , 

r>wo \ A<'-a=r A''-a=r / 



where we have used G^^, = —ctiG^vij,- Then we have the key structural result 
of this paper. 

Lemma 10.5. We have r/is(10.22)> 0. 

Proof. First of all, it is not restrictive to assume G"q = Pc('^o)G^q. Wc have 
e 5(]R3,C2) for all a. For W{uj) = limj^oo e""^-e'''"3(-^+"\ there exist 
F„ e W"^'f(M3,C2) for all A; e M and j3 > 1 with G% = Wiuo)Fa, [Cul]. By 
standard theory, R.ti{r)G% € L^-^j-rS ^2) for any s > 1/2 and r > cjo- Let 
G = EAO.a=rC"GOo and F = EAO.a=rC"J^a. Let *F = (Fi,F2). Then, see 
Lemma 4.1 [Cu2], 

Im(i?+(r)G,cr3G) = lim Im (i?/H(r + i£)G, ctsG) 



= lim Im (i?<,3(_A+a,o) (r + ie)F, asF) 
= lim Im (R-A{r - wo + i£)Fi, F^) 

£\-o Jm? (? - (J^ - wo))^ + £^ 
Now we will assume the following hypothesis. 



(10.23) 



□ 
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(Hll) We assume that for some fixed constants for any vector ^ e C" we have: 



X •a=X •i/>u}o 
A-a — Afe<a;oVfc s.t. 0:^7^0 
A-i/— Afc <a;o V fc s.t. i^k¥^0 



By (Hll) we have 

2EA°Im(%)>a,EA°IC.'^ 



E ic 

A^-CK— A^<uJo V fc s.t. ak^O 

Then, for t G [0, T] and assuming Lemma 10.4 we have 



(10.24) 



a|2 (10.25) 



E,- A?IO(i)P + E A''.«>..„ IIC"lli.(o,*) < + C2e\ 

By (10.18) this impHes ||2:"||^2(q < + C2€^ for all the above multi indexes. 

So, from ||^"||^2(ot) ^ C'fe^ we conclude ||2"||^2(of) ^ ^26^. This means that 
we can take C2 ~ 1. This yields Theorem 10.1. 

Remark 10.6. Notice that by r > cjo, (10.24) appears generic. We do not try 
to prove this point. It should not be hard, see for example the genericity result 
Proposition 2.2 [BC]. 

Remark 10.7. In general we expect Hypothesis (Hll), or higher order versions, 
to hold. Specifically, if at some step of the normal form argument (Hll) fails be- 
cause some of the inequalities as in Lemma 10.5 is an equality, one can continue 
the normal form procedure and obtain some steps later a new version of (Hll). 
This will yield an analogue of Theorem 10.1, with 10.2 replaced by a similar but 
weaker inequality. We could have stated (Hll) and proved Theorem 10.1 in this 
more general form, but this would have complicated further the presentation. 

Remark 10.8. If instead of ground states wc consider standing waves with nodes, 
and if dim7Vg(-H^) = 2 with (3.10), if we assume (Hl)-(Hll) with (2.2) in (H5) 
replaced by ^||'?^w|||2(]j3) 7^ 0, if we assume (t('H„) C M, then by [Cu3] it is 
possible to prove that the hamiltonian K in Lemma 8.2 has quadratic part 

m ^ 

with 7j equal to either 1 or —1 and with at least one 7^- = — 1 (in other words the 
energy has a saddle at in the surface formed by the u with = H^wHl^)- 
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Then a simple elaboration of the proof of the present paper, along the lines of 
sections 3 or 4 in [Cu3], can be used to strengthen Theorem 3.2 [Cu3] showing 
that is orbitally unstable. Furthermore, following the argument in [Cu3], it 
can be shown that if a solution u{t) remains close to ground states as t +oo 
(resp. t \ — cxd), it actually scatters to ground states, that is (2.3) and (2.5) 
with the plus (resp. minus) sign. 
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